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Abstract 

A continuous frame is a family of vectors in a Hilbert space which allows reproductions 
of arbitrary elements by continuous superpositions. Associated to a given continuous frame 
we construct certain Banach spaces. Many classical function spaces can be identified as such 
spaces. We provide a general method to derive Banach frames and atomic decompositions 
for these Banach spaces by sampling the continuous frame. This is done by generalizing 
the coorbit space theory developed by Feichtinger and Grochenig. As an important tool the 
concept of localization of frames is extended to continuous frames. As a byproduct we give 
a partial answer to the question raised by Ali, Antoine and Gazeau whether any continuous 
frame admits a corresponding discrete realization generated by sampling. 
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1 Introduction 

In this paper we point out the relation between (continuous) frames and function spaces. We 
illustrate that many function spaces can be described by continuous frames. We further present 
a general method to derive atomic decompositions and Banach frames for spaces with such a 
continuous frame description. Our results unify the theory of coorbit spaces associated to inte- 
grable group representations developed by Feichtinger and Grochenig |23 E23 E3] EH] and its recent 
generalizations pilT31l4l?| . 

The concept of discrete frames in Hilbert spaces has been introduced by Duffin and Schaeffer 
[Tf)] and popularized greatly by Daubechies and her coauthors ^] Ej- A discrete frame is a 
countable family of elements in a separable Hilbert space which allows stable not necessarily unique 
(redundant) decompositions of arbitrary elements into expansions of the frame elements. Later, 
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motivated by the theory of coherent states, this concept was generalized by Antoine et al. to 
families indexed by some locally compact space endowed with a Radon measure. Their approach 
leads to the notion of continuous frames ^ [21 1311 E3| . Prominent examples are connected to the 
continuous wavelet transform ^ [38] and the short time Fourier transform [31]. In particular, 
square integrable representations of groups generate continuous frames by acting on a fixed mother 
atom. In mathematical physics, these frames are referred to as coherent states ^ I37| . Such 
decompositions into continuous superpositions of frame elements (atoms) simplify the analysis of 
functions provided the atoms are suitably chosen with respect to the problem under consideration. 
For example, it is known that describing functions as continuous superposition of wavelets simplifies 
the treatment of Calderon-Zygmund operators |29| . while Gabor decompositions quasi- diagonalize 
certain classes of pseudodifferential operators • 

Clearly, the concept of frame aims at stable decompositions in Hilbert spaces. However, in order 
to have a more complete and maybe finer characterization of reproducible vectors, one might ask 
whether these decompositions are also valid in certain Banach spaces. As a result of this paper one 
may in fact associate to a continuous frame suitable Banach spaces, called coorbit spaces, provided 
the frame satisfies a certain integrability condition. In these coorbit spaces, we have indeed stable 
decompositions. This might seem nearly a triviality at first glance because the Banach space will 
be constructed in a way such that this is true. However, it turns out that in concrete examples 
these Banach spaces are well-known classical function spaces, like homogeneous or inhomogeneous 
Bcsov or Triebel-Lizorkin spaces or the modulation spaces. In particular, these classes include the 
Sobolev spaces. 

Usually in applications one prefers a discrete framework. So efforts have been done to find methods 
to discretize classical continuous frames for use in applications like signal processing, numerical 
solution of PDE, simulation, and modeling, see for example [Tl In particular, the discrete 
wavelet transform and Gabor frames are prominent examples and have been proven to be a very 
successful tool for certain applications. Since the problem of discretization is so important it would 
be nice to have a general method for this purpose. Indeed, Ali, Antoine and Gazeau asked for 
conditions which ensure that a certain sampling of a continuous frame {ip x }xex yields a discrete 
frame {ipxi}iei [U p.45]. As a byproduct of our results we give a partial answer to this question. 
In case the continuous frame is generated by an integrable unitary representation of some group 
this is already covered by results of Feichtinger and Grochenig |221 1231 WW I33j . Here, not only 
discrete frames for the corresponding Hilbert space are constructed but at the same time Banach 
frames and atomic decompositions for the associated coorbit spaces. By this general theory it 
has been possible to unify atomic decompositions for important Banach spaces, like homogeneous 
Besov- Triebel-Lizorkin spaces [211123 EH- modulation spaces [191 134j and Bergman spaces |22| . 
A contribution by Antoine et al. |41j describes another method to discretize continuous frames 
generated by sqwre-integrable representations of semidirect product groups V x S where V is a 
vector space and S C GL(V) is a semisimple connected Lie group. 

Recently, it has been recognized that there exist several continuous frames with relevant appli- 
cations, which do not arise from some square integrable representation of a group in a strict 
sense. So generalized concepts of coherent states have been introduced, where the continuous 
frame is indexed by a homogeneous space Q / H pQ. Important examples can be described in this 
setting, such as continuous wavelet and Gabor frames on spheres E2 and continuous mixed 
Gabor / wavelet frames, i.e., continuous frames associated to the affine Weyl Heisenberg group 
|1UI 1421 ISTil 15 11 |4"U1 12UI I26| . As a matter of fact, the theory of Feichtinger and Grochenig is no longer 
applicable in this setting. So efforts to adapt their original approach to homogeneous spaces have 
been done recently by Dahlke et al. |12l I13j . For instance, they were able to define modulation 
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spaces on spheres as coorbit spaces. However, since they assume the continuous frame to be tight 
their approach cannot currently cover most of the other cited examples. Moreover, there are other 
examples of continuous frames which are not indexed neither by groups nor homogeneous spaces. 
For instance, Rauhut |47l I48| constructed continuous frames whose elements are invariant under 
the action of some symmetry groups. Hereby, the corresponding index set is a space of orbits 
of the group under some compact automorphism group. These frames could be used to describe 
subspaces of classical coorbit spaces consisting of elements which are invariant under some sym- 
metry group. Examples include subspaces of homogeneous Besov and Triebcl-Lizorkin spaces and 
modulation spaces of radially symmetric distributions. In particular, Banach frames and atomic 
decompositions of these spaces could be derived, where all frame elements (atoms) are itself radial. 
In this paper we introduce an abstract and generalized version of the Feichtinger and Grochenig 
approach which unifies all earlier contributions ^1 1131 1221 1231 1241 1331 14*5| . The terminology of 
coorbit spaces for Banach spaces defined as retract of suitable solid Banach spaces by general 
transformations has firstly been introduced by Peetre |451 p. 200]. On one hand, our formulation 
is very much in the spirit of this initial concept, on the other hand it preserves the concrete 
applicability of the Feichtinger and Grochenig approach. In fact, we expect that this setting allows 
the characterization of some other interesting function spaces, for example a-modulation spaces 
|32l I2U1 1401 I42| . Besov- Triebel-Lizorkin and modulation spaces on manifolds, e.g., on spheres. 
The application of the present theory to these cases will be discussed elsewhere in successive 
contributions. 

As a starting point we assume to have a general continuous frame T = {ipx}xex indexed by some 
locally compact space X. We show that if the Gramian kernel R(x, y) — (ipx^y) of the continuous 
frame with respect to its canonical dual belongs to a certain Banach algebra of integrable kernels 
on X x X then one can associate two classes of corresponding Banach spaces, which we call 
(generalized) coorbit spaces. We show that under certain localization conditions these two classes 
coincide. 

As already announced we will describe a general method to sample a discrete set (xj)ig/ C X such 
that Td = {^xi}iei is m f ac t a Banach frame or an atomic decomposition for the (generalized) 
coorbit spaces. This is our main result and a further insight into the relations between continu- 
ous frames and corresponding discrete frames in the description of Banach spaces. It is recently 
recognized that good discrete frames for application and numerical implementation should have 
nice localization properties |27l 1341 13*5] . Indeed, we are able to show that starting with a localized 
continuous frame the discrete frame arising from our sampling method is indeed localized in a 
suitable sense. 

The paper is organized as follows. Section 2 introduces some basic facts about continuous frames 
and our specific assumptions. Two classes of coorbit spaces associated to a continuous frame and its 
canonical dual are described in Section 3. Localization of continuous frames and how localization 
ensures the coincidence of the two classes of coorbit spaces are presented in Section 4. Section 5 
is devoted to the discretization machinery. In particular, we introduce the additional conditions 
on the continuous frame under which we can sample a discrete frame. We conclude the section by 
showing that the frames are in fact Banach frames for the original coorbit spaces. In Section 6 we 
show that the discretization method preserves localization properties. Finally, Section 7 is devoted 
to examples. 
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2 Preliminaries 



Assume TL to be a separable Hilbert space and X a locally compact Hausdorff space endowed with 
a positive Radon measure /x with supp/x = X. For technical reasons we assume (without loss of 
generality) that X is er-compact. In the following we denote generic constants, whose exact value 
is not important for a qualitative analysis, by < C, C , C" , G\,Ci < oo. 

A family J- = {rp x } x tEX of vectors in TL is called a continuous frame if there exist constants 
< C\ , C2 < 00 such that 

Ci||/|| 2 < f \{f^ x )\ 2 d^{x) <C 2 \\f\\ 2 forall/GW. (2.1) 

If C\ = C2 then the frame is called tight. For the sake of simplicity we assume that the mapping 
x 1— > ipx is weakly continuous. Note that if A" is a countable set and [i the counting measure then 
we obtain the usual definition of a (discrete) frame. 

Associated to T is the frame operator S — Sjr defined in weak sense by 

S:TL^TL, Sf := / {f^^d^x). 
Jx 

From the stability condition (|2.1|) it follows that S is a bounded, positive, and boundedly invertiblc 
operator. If T is tight then S is a multiple of the identity. Furthermore, it also follows from (|2.1I) 
that the set F is total in 7i, i.e., T 1 - = {0}, see also 0- We define the following two transforms 
associated to T, 

V :H^L 2 (X,n), Vf(x) :=</,V«>, 
W : TL -> i 2 (A, /i), := (/, S- V*) = ViS^f^x). 

Their adjoint operators are given weakly by 

V* : L 2 (X, /i) - W, F*^ := / F{y)^ y d^{y), 

Jx 

W* :L 2 (X,n)^TL, W*F := / F(y)S- 1 ^ y d f x(y). 

Jx 

It holds 5 = S*- 1 = VF*VF, and Id = V*W = VF*V". In fact, since S is invertible and 

self-adjoint we have 

/ = SS-'f = [ (S-'f^y^My) = [ Wfiy^yd^y) (2.2) 
Jx Jx 

in weak sense. Of course, this is an inversion formula for W. Replacing / by Sf yields an inversion 
formula for V, i.e., / = J x Vf(y)S^ 1 ^ y d^(x). Forming the scalar product with S~ 1 i(j x in i|2.2f> . 
resp. with ip x in the inversion formula for V, yields 

Wf(x) = [ Wf{y)^ y ,S- 1 ^ x )d^{y) and Vf{x) = [ V f(y)(<iP y , S^^y). 
Jx Jx 

Hence, it make sense to define the kernel 

R(x,y) := Rr(x,y) := (2.3) 
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Denoting the application of a kernel if to a function F on X by 



K(F)(x) := f F(y)K(x,y)d»(y) (2.4) 
Jx 

we have R(Wf) = Wf and R(Vf) = Vf for all / € H. Since 5 is self-adjoint, it holds R(x, y) = 
R(y,x). This means that R is self-adjoint as an operator on L 2 (X, /i). Furthermore, the mapping 
F i— » R(F) is an orthogonal projection from L 2 (X, fi) onto the image of W (which equals the image 
ofV). 

If T = {ip x }xex is another frame that satisfies 

/= / (f,i> x )4> x d(i(x), for all /GW (2.5) 
Jx 

then T is called a dual frame. In particular, S~ l J- = {S~ 1 ip x } x ^x is a dual frame, called the 
canonical dual frame. Since in general ker(V^) {0} there may exist several dual frames. 

We assume in the following that \\ip x \\ < C for all x G X. This implies by the Cauchy Schwarz 
inequality \Vf{x)\ < C\\f\\ and \Wf(x)\ < Cp-^j \\f\\ for all x G X and, together with the weak 
continuity assumption, we conclude Vf,Wf £ C b {X) for all / G H, where C b (X) denotes the 
bounded continuous functions on X. 

In the sequel we denote by B(Y) the bounded linear operators from a Banach space into itself and 
by II • |y||| its norm. 

3 Coorbit Spaces 

Inspired by the pioneering work of Feichtinger and Grochenig et al. |22U23ll2~ll \'6'6\ 051 127| and their 
recent generalizations [1211131 1371 148| . we show in this section how classes of abstract Banach spaces 
called (generalized) coorbit spaces can be associated to a given continuous frame. Such Banach 
spaces will essentially describe vectors (or functionals) / such that the corresponding transforms 
Vf or Wf belongs to a fixed parameter space Y of functions on X. In concrete examples the 
coorbit spaces are certain function spaces. 

In order to detail this idea, we need some preparation. We define the Banach algebra of kernels 
Ai := {K : X x X -> C, K measurable , \\K\A X \\ < oo} 

where 

:= max jess sup xeX J \K{x,y)\d^{y),essswp yeX J \K(x,y)\dfi(x) 

is its norm. The multiplication in Ai is given by 

KioK 2 (x,y)= [ Ki(x,z)K 2 (z,y)dfi(z). (3.1) 
Jx 

Identifying a kernel with an operator acting on suitable functions F on X by l|2.4|) we clearly have 
Ki(K 2 (F)) = (Ki o K 2 ){F). 

In the sequel we make the basic assumption that the kernel R defined in H2.3(l is contained in A x . 
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We will also need suitable weighted subalgebras of A\ . We call a weight function m : X x X —> M 
admissible if to is continuous, 

1 < m(x,y) < m(x , z)m(z , y) for all x, y, z £ X, (3-2) 
m(x,y) = m(y,x) for all x,y £ X, (3-3) 
and m(x,x) < C < oo for all x £ X. (3-4) 

For an admissible weight m we define the Banach algebra 

A m ■= {K : X x X -> C, A} 

endowed with the natural norm 

||x|Anll := II^HAII- 

Property (|3.2[1 ensures that A m is in fact an algebra with the multiplication (|3.1fl . Moreover, the 
symmetry property (|3.3(l ensures that Am is a Banach-*-algebra with the involution K*(x,y) = 
K(y, x). Interpreting K as an operator on L 2 (X, fi) its adjoint is in fact given by the kernel K* . 

In order to define our coorbit spaces associated to the continuous frame, we will make use of a 
function space Y that satisfies the following properties. 

(Yl) (Y, || • |Y||) is a non-trivial Banach space of functions on X that is continuously embedded 
into L\ oc (X,n), and that satisfies the solidity condition, i.e., if F € Lj oc (X, /i), G £ Y, such 
that \F(x)\ < \G(x)\ a.e. then F £ Y and \\F\Y\\ < \\G\Y\\. 

(Y2) There exists an admissible weight function in such that A m (Y) C Y and 

< H^IAnllll^ll forall^e A m ,F £Y. (3.5) 

By Schur's test (sometimes also referred to as generalized Young inequality) |251 Theorem 6.18] all 
L P (X, fi) spaces, 1 < p < oo, are examples for such Y spaces (with trivial weight m = 1). Moreover, 
if w is a continuous weight function on X, we define L v w := L^,(X, u) = {F, Fw £ L' P (X, u)} with 
norm \\F\I%,\\ := \\Fw\LP\\ and denote 

m( x,,):.max{^,^4j. (3.6) 

Then m is admissible and A m {LP w ) C L v w again by Schur's test. 

In the following we only admit Y with properties (Yl) and (Y2) and such that R defined in (|2.3(l 
is contained in A m , where m is the weight function associated to Y. 

The next step is to derive a reservoir to embed our Banach spaces in. To this end take a fixed 
point z £ X and define a weight function on X by 

v(x) := v z (x) := m{x,z). (3-7) 

By the properties of to, the choice of another point z' yields an equivalent weight, i.e., v z i{x) = 
m(x,z') < m(x, z)m(z, z') = m(z, z')v z (x). Exchanging the roles of z and z' gives a reversed 
inequality. Now, we define the spaces 

Hi := {/ £ H, Vf £ L\}, K l v := {/ £ H, Wf £ Lj} 
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with natural norms 



\\f\HlW := \\Vf\L% \\f\ICl\\ := \\Wf\Ll\\. (3.8) 

Since {ipx}xex is total in H, the expressions in l|3.8|) indeed define norms, not only seminorms. 
The operator S is obviously an isometric isomorphism between Hi and /C*. 

Proposition 3.1. The spaces (Hi, \\ ■ \Hl\\) and (/C*, || • |/Cj||) are Banach spaces. 

Proof: Suppose that (/n)„ e pj C H is a Cauchy sequence in W*. This means that (-F„) = (V f n ) is 
a Cauchy sequence in h\ and by completeness of L\ it holds F n —> F £ L\. Furthermore, it holds 
R(F n ) — F n by the reproducing formula on the image of H under V. This implies that R(F) = F. 
Since \R(x, y)\ < C 2 !^" 1 ^! for all x, y £ X and u(a;) > 1 it holds 

\R(F)(x)\< [ \F(y)\\R(x, y)\d^y) < f \F( y )\v{y)\R{x,y)\drty) < CP^l \\F\Ll\\ 
Jx Jx 

implying F = R(F) E L°° . By L°° n C L 2 we have F = R(F) E L 2 (X,fi). Since the 
application of R is the orthogonal projection from L 2 onto the image of V, there exists / E H such 
that F — Vf. Moreover, Vf E L\ means f E Hi and f n — > / in W*. The same arguments show 
that also /Cj is a Banach space. ■ 

Since R is assumed to be in A m we obtain 

II^I^H = f \W(1> v )(x)\v(x)dii(x) = f \R(x,y)\m{x,z)dn{x) 
Jx Jx 

<m(y,z) [ \R{x,y)\m{x,y)dti(x)<v(y)\\R\A m l (3.9) 
Jx 

and similarly 

\\S-^ y \Hl\\ = f iViS-^yXxMxidnix) < v(y)\\R\A m \\. (3.10) 
Jx 

Hence, ip y E K.\ and S~ lr ipy E Hi for all y E X. Denote by [Hl) n the space of all continuous 
conjugate-linear functionals on H\ (the anti-dual) and similarly define (/Cj) n - We extend the 
bracket on H to (Hiy x Hi by (/, g) = f(g) for / E (Hiy , g E Hi and analogously for (/C*) n x /Cj. 
Taking the anti-dual instead of the dual yields the same calculation rules for the bracket as in the 
Hilbert space setting. Since span{^ x ,a; E X} and spanj^ -1 ^, a; G X} are dense in H the spaces 
Hi and JCl are dense in H and H is weak-* dense in (TLlY and in (JClY . 
Since i/j x £ K-l we may extend the transform V to (K-iy by 

Vf(x) = </,Vx> = /(&,), /G(/Cj) n . 

By the same argument, the transform extends to (Hl) n , 

W7(a:) = (/,5-Vx) = / G (Hi)"". 

We may also extend the operator S 1 to an isometric isomorphism between (/C*) n and (Ti*) -1 by 
(Sf, g) = (/, Sg) for / G (/C^) n and g£H\ (recall that S ff e /Cj). 

Next, we need to show that span{^,a; G X} and span{S~ 1 'i/j x , x E X} are dense in JCl and 7^, 
respectively. 
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Lemma 3.2. The expression \\Vf\Ly v \\ is an equivalent norm on (/C*) n and \\Wf\L^°, v \\ is an 
equivalent norm on {Ti^Y ■ 

Proof: Observe that for / e it holds by (JOJ 

\vf(x)\ = k/,^)i < ii/i(^) n ini^i/ciii < wmirwwRiAmMx). 

For the converse we use that V* is an isometric isomorphism from R(Ly) to /Cj, i.e., 

WfWlfw = sup I </,/>> I = sup K/,v*fOI 

||fc|x;j||=i i?eii(ij),||ff|ij||<i 
< sup |(V/, H)\ = \\Vf\LT}J. 

HeLl,\\H\Ll\\<l 

The assertion for Til is shown in the same way. M 

Theorem 3.3. (a) /Cj is characterized by the vector space of all uniform unconditional expan- 
sions of the form 

f = J2 Ci ^ ( 3 - n ) 

iei 

where (xi)iei is an arbitrary countable subset of X and 

^ \ci\v(xi) < oo. 
iei 

The expression 

||/||':= Mj^hHx,) 
iei 

where the infimum is taken over all representation $3.11)) of f, is an equivalent norm on K.\. 
In particular, span{^ x , x G X} is dense in /C~. 

(b) Ji\ is characterized analogously by replacing ip Xi by S ip Xi in $3.11)) 

Proof: The proof is completely analogous to the proof of Theorem 12.1.8 in p2] and hence 
omitted, see also [HI EE]- We remark only that Lemma Hi 21 is used. ■ 

It follows that 7i,y and 1Q\ have a certain minimality property. 

Corollary 3.4. Suppose that (B,\\ ■ \B\\) is a Banach space that contains all frame elements 
ip x ,x S X, and assume that \\ip x \B\\ < Cv(x) for some constant C. Then K\ is continuously 
embedded into B. The same holds replacing ip x by S~ lr ij: x and K\ by 7i\. 

Proof: Suppose that / = J2iei c «V J xi with J^iei \ c i\ v ( x i) < °°j i- e -> / e Theorem ^. 31 Then 

\\f\B\\<Y,\*\W*<\B\\<C^\ci\v(xi)<oo. 
iei iei 

This implies f £ B. Taking the infimum over all possible expansions of / yields ||/|-B|| < C||/|/C^| 
and the embedding is continuous. M 

Let us now give a more precise statement about the weak-* density of Tt in (Wj,) and in (/Cj) n , 
respectively. 
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Lemma 3.5. Let f € (HlY ■ Then there exists a sequence (fn) ne f$ C H with \\f n \(Hl) ^| < 
C||/|(W*) n || such that f n is weak-* convergent to f . The same holds with (HlY replaced by (IClY . 

Proof: Since X is cr-compact there exists a sequence of compact subsets (J7„) e j^ such that 
U n C Un+i and X = U^Li ^n- Denote by xu n the characteristic function of U n , let F n = 
Xu n Wf G L 2 (X,n) and set /„ = V'Ft, = W f(y)ip y d(j,(y) EH, nE N. It is straightforward to 
show that the sequence (/n)„ e j^ has the desired properties. ■ 

Lemma 3.6. (a) For f E (K-IY it holds Vf E Lf,(X) and for f E (HlY it holds Wf E 
Lf /v {X). The mappings V : (IClY -> Lf /v {X) and W : (HlY -► #j»„PO are infective. 

(b) A bounded net (f a ) a ei * n (^IY (resp. in (HlY) is weak-* convergent to an element f E 
(IClY (resp. f E (HlY ) if and only ifVf a (resp. Wf a ) converges pointwise to Vf (resp. 
Wf). 

(c) The reproducing formula extends to (IClY an d (HlY, i- e -> 

Vf =R(Vf) for all f E {K.IY , (3.12) 
Wf = R(Wf) for all f E (Hi) '. (3.13) 

(d) Conversely, if F E L^j v (X) satisfies the reproducing formula F = R(F) then there exist 
f E {IClY and g E (HlY such that F = Vf = Wg. 

Proof: (a) The assertion follows from Lemma f3. 21 

(b) The assertion follows from the density of sp&n{ip x ,x E X} (resp. span{5 _1 -0x, x E X}) in K\ 
(resp. Hi) and by definition of Vf (resp. Wf). 

(c) Suppose that / E [K-IY . Then by Lemma there exists a sequence (/n)„ e pj C H, which 
is weak-* convergent to / and norm bounded in (IClY- This implies the pointwise convergence 
of V f n to Vf. Since f n E H the reproducing formula holds for V f n . Furthermore, we have 
\Vf n (y)\ < Csup neN \\ f n \(KlY\\v{y) < C'v(y) and y i-> v(y)R(x,y) is integrable for any x E X. 
Thus, Lebesgue's dominated convergence theorem yields 



n — >oo 



Vf(x)= lim Vf n (x)= lim / R(x, y)V f n (y)dfi(y) = / R(x,y)Vf(y)d l i(y) = R(Vf)(x). 

ix J x 



Analogously we obtain the reproducing formula for Wf. 

(d) A direct computation shows that the adjoint mappings of V : Hi — > L\ and W :K} V ^> L l v are 
given weakly by 

V* : Ly v - (HlY, V*F = [ F(x)^(x) for F E L? /v , 

W* : Ly v -» (IClY, W*F = f F(x)S- 1 ijj x d f i(x) for F E Lf /v . 

It holds 

W(V*F)(y) = f FixY^S'^d^x) = R(F)(y) 
Jx 
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and similarly V{W*F) = R{F). Hence, if F = R{F) then F = Vf = Wg, where / = W*F € (Xj) n 
and g = V* F e {HIT . ■ 



Now we are ready to define the coorbit spaces. 

Definition 3.1. The coorbits of Y with respect to the frame T — {ip x }xex are defined as 

CoF := Co{T,Y) :={} e{Kl)\Vf eY}, 
CoY := Co(S" 1 .F,y) :={f e{Hiy,Wf eY] 

with natural norms 

||/|CoY|| := \\Vf\Y\\, ||/|CoY|| := ||W/|y||. 

Obviously, the operator S is an isometric isomorphism between Coy and Coy. 
Proposition 3.7. Suppose that R(Y) C L^ v . Then the following statements hold. 

(a) The spaces (Coy || • |Coy||) and (Coy || • |Coy||) are Banach spaces. 

(b) A junction F 6 Y is of the form Vf (resp. W f) for some f € Coy (resp. f £ CoY) if and 
only if F — R(F). 

(c) The map V : CoY — > Y (resp. W : Coy —>Y) establishes an isometric isomorphism between 
CoY (resp. CoY) and the closed subspace R(Y) ofY. 

Remark 3.1. The condition R(Y) C L^ v might seem a bit strange at first glance. However, we will 
show later in Corollary 15 . 61 that . under the assumption we will need to develop the discretization 
method in Section 5, this property holds true automatically. 

Of course, if one wants to be sure that the spaces Coy and Coy are Banach spaces in any case, 
one may take the norm or weak-* completion of the spaces in Definition 13. II 

Proof: Let us first prove (b). If / € Coy then by definition / 6 (/C^) n and hence by Lemma lXBr c) 
the reproducing formula holds. Conversely, if F € Y satisfies R(F) = F then F € L^ v by the 
assumption R(Y) C Lf,. Lemma EHfl' d') implies that there exists / S (/C„) n such that F — Vf. 
Since F e Y we have / 6 Coy. Analogous arguments apply to Coy. 

(a) Suppose that (/„) C Coy is a Cauchy sequence implying that F n = Vf n is a Cauchy sequence 
in y converging to an element F £ Y by completeness of Y. By (b) it holds F n — R(F n ) and since 
R acts continuously on Y we conclude R(F) — F. Again by (b) there exists hence an / S Coy 
such that F = Vf. The analogous arguments apply to Coy. 

(c) The assertion follows from the injectivity of V and W (Lemma EI a )) together with (b). ■ 

Corollary 3.8. (a) It holds CoL^ v = {JClY and CoL™ /v = {TilY . 

(b) It holds CoL 2 = CoL 2 = H. 

(c) Suppose RiY) C L^ v . Then the definition of the coorbit spaces is independent of the weight 
function m, resp. v, i.e., if m 2 is another weight with m(x,y) < Cm,2{x,y) and 1)2 is the 
corresponding weight function on X then 

CoY ={/e(/Ci 2 ) n ,y/ey}, 
Coy ={fe(Hl 2 y,WfeY}. 
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Proof: The statement (a) was already proved in Lemma I3~2l and (b), (c) are shown as in 22 . ■ 



Remark 3.2. Analyzing the proofs of this section one might realize that the assumption (Y2) on 
the function space Y may be weakened. Actually we only needed that R is contained in A m and 
that R acts continuously on 7. So in order to define the coorbit spaces corresponding to Y it is 
enough that the subalgebra A := A m H B(Y) is not trivial and R is contained in A. Of course, 
if Y is a weighted LP space and m is the corresponding weight l|3.6|l then A coincides with A m . 
However, there are function spaces Y for which A is a proper subalgebra of A m , for instance if Y 
is a certain mixed norm space. 

4 Localization of Frames 

It might seem strange at first glance that, for a given continuous frame, we have to deal with 
two classes of coorbit spaces. So the question arises under which conditions it holds Coy = CoY. 
Furthermore, it is interesting to investigate the dependence of the coorbit spaces on the particular 
frame chosen. 

The main tool for these investigations will be the concept of localization of frames. In particular, 
we will generalize the theory developed in |35l 1361 H7\ of intrinsic localization of discrete frames to 
continuous ones. We will show that if T is intrinsically A-localized, i.e., its Gramian kernel belongs 
to a suitable spectral algebra A, then also its canonical dual S" 1 ^ is intrinsically A-localized and 
Coy = Coy. Moreover, we will show that ^-localization is an equivalence relation in the set 
of intrinsically .A-localized frames and that equivalent frames generate in fact equivalent coorbit 
spaces. 

4.1 ^.-localized Continuous Frames 

Let us first specify the algebras of kernels which are suitable to measure localization. 

Definition 4.1. A Banach-*-algebra (A, \\ ■ \A\\) of kernels K on X x X is called admissible with 
respect to (X, fi) if the following properties hold: 

(Al) A is a continuously embedded into B(L 2 (X, fi)); 

(A2) A is solid, i.e., if if is a measurable kernel, \K\ < \R\ and R E A then also K E A and 
\\K\A\\ <\\R\A\\. 

The multiplication in the algebra is assumed again as in formula (|3.1|) . Moreover we assume that 
the action of K E A on a function F E L 2 (X,/i) is given as in 12.411 . This again implies that 
Ai(A 2 (F)) = {A 1 o A 2 )(F), for all Ai,A 3 e A, and F E L 2 (X,n). 

In the following we assume A to be admissible with respect to (X, fi). Of course, the algebras A m 
from the previous section are admissible. 

Given two continuous frames Q = {gx}xex,^ = {fx}xex in W, their crossed Gramian kernel is 
defined as 

G(Q,J r )(x,y) := (f y ,g x ). 

Definition 4.2. A frame Q for Ti is called A-localized with respect to a frame T if G(G, T) E A. In 
this case we write Q J~ ■ If Q G, then Q is called A-self- localized or intrinsically A-localized. 
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In the following T always denotes a dual frame of the frame T. Since G{Q ) T)* — G{!F,G) and 
A is assumed to be a *-algebra the relation ~a is symmetric. One might ask whether is an 
equivalence relation. This is not true in general. In fact, reflexivity holds only for intrinsically 
,4-localized frames. Transitivity is valid only in a modified version involving also dual frames as 
shown in the following lemma. 

Lemma 4.1. Let £ = {e x } xe x,F = {fx}xex,G = {g x }xex be frames for H. 

(a) If £ ~,4 T and J- ~a Q then we have £ Q . 

(b) If J- ^a 3~ o,nd T ~a 3~ for a dual frame T then it holds T ^a T . 

(c) If both J- 1 and T2 are dual frames of T , T ^a T and T\ ^a Ti then T ^a for j = 1,2. 

Proof: Let us show (a). The statements (b) and (c) are just direct consequences of (a). Since 

e y = Ix( e v> h)fzdti.{z) we have 

(ey,9x) = / (e y , fz)(fz,9x)dfi(y) for all x, z e X. 
Jx 

This immediately implies that \G{£,Q)\ < \G(F,Q) \ o \G{£,F)\ and one concludes by solidity of 
A. ■ 

Remark 4.1. If T ^a J~ an d likewise for the canonical dual frame S^ 1 ?- ^a S^ 1 J 7 , then Lemma 
14.11 (b) ensures that R = Rf = G{T, S^ 1 ^) S A. Of course, A = A m is of particular interest when 
considering coorbit spaces. In Section T4.3I we will show that T ^a T implies S~ X T ~a S^ 1 !- 
under a certain assumption on the algebra A. 



4.2 Localization Conditions Ensure CoY = CoY 

In the following we assume that CoY and CoY are Banach spaces. So in case we are in the 
pathological situation where the spaces in Definition 13 . II are not complete we take their completion. 
As usual m denotes the weight function associated to Y. 

Proposition 4.2. Suppose that J 7 is a frame for Ti with canonical dual 5 _1 JF. If both T and 
S~ X T are intrinsically A m -localized then CoY = CoY with equivalent norms. In particular, it 
holds Til = /C*. 

Proof: For / G 7i we have 

Wf = G(S- l F,S- 1 F)(yf) and Vf = G(F,f){Wf). (4.1) 

By (EiJ) this implies Hi = £j and (UlY = (/Cj) n . Since formulae (|4.1(l extend to {H-iy and 
A m (Y) C Y (LenvmaCnitc)) we immediately obtain ||W/|Y|| X ||V/|Y||. ■ 

In the following we will show that for an „4 m -self-localized frame the space CoY can be characterized 
by using different ^4 m -self-localized duals and that any other ^4 m -self-localized frame Q which is 
localized to T generates the same spaces. 
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Proposition 4.3. Assume that T = {ip x } x ^x, 3~ = {' l Px\xex are two mutually dual A m -self- 
localized frames for TL. Then it holds Co{J- , Y) = CoY with equivalent norms. In particular, if the 
canonical dual of J- is A m - self -localized, then Co(T ,Y) = CoY = CoY. 

Proof: Since T and T are mutually dual .A m -self-localized frames one obtains with Lemma ETTT b') 
that T ^A m F and therefore f CffJ. Denote V f(x) := (f, ip x ). By expanding the elements S~ 1 tp x 
of the canonical dual frame with respect to ip x by using formula Ij2.5|l and then ip x with respect to 
S ip x we obtain 

Wf = R(Vf) and Vf = G{T,f)(Wf). 
By Lemma f4. II (b) we get 

||/|Coy|| = ||w/|y|| x \\vf\Y\\ = ||/|Co(^,y)||. 

(Recall that R is assumed to be in A m throughout this paper.) This implies Co(!F, Y) = CoY with 
equivalent norms. If the canonical dual of T is A, „ -self-localized then it holds Co(F. Y) = CoY = 
CoY by Proposition ^. 21 ■ 

Now we study for which class of frames T the definition of Coy does not depend on the particular 
frame considered. 

Proposition 4.4. Assume that Q = {g x } x ex is on A m - self -localized frame for TL with A m -self- 
localized canonical dual S^Q = {Sg 1 g x \x£X, where Sg is the frame operator ofQ. IfQ ~A m J~ for 
an Am- self -localized frame T = {ip x }xex with A rn -self-localized canonical dual S^T , then it holds 
Co(y) = Co{T,Y) = Co(G,Y) = Co(5 , ^ 1 J r ,y) = Co{S g 1 G 1 Y) = CoY with equivalent norms. 

Proof: By expanding SjT- if) x with respect to S^Q one has 

W>/(a:) - (f,S^ x ) = [ (f,S g 1 g y )(g y ,Sr 1 iP x )dv(y) = G{Q,S?F){Wgf){x), 

J x 

where Wgf{y) = (fjS^gy). Lemma ETTT b') yields F ~A m S^T. By Lemma POT a) G ~A m F 
and T ~A m Syr 1 J- imply J 7 ~.a to Q, i.e., G(Q, J 7 ) € A m . Hence, by A m (Y) C Y we have 

H/Ms-^y)!! < \\G{s^T,g)\A m \\ u/Ms^y)!) 

implying Co{Sg X Q,Y) C Co{S^T, Y). The converse inclusion is shown similarly and with Propo- 
sition the proof is completed. ■ 



4.3 Intrinsically Localized Duals 

Let T = {ipx}xex be a continuous frame for 
One has the following commutative diagram. 



TL with (bounded and positive) frame operator S. 



TL TL 

IV IV 

ran(y) — > ran(y) 

I Id \ i Id 
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The operator A : L 2 (X, fj,) — * L 2 (X, fx) can be identified with the kernel A(x, y) = G(J-, J-)(x, y) = 
(ip y ,ipx) an d it holds A = VSW*. By commutativity of the diagram we have V o S = A o V. 
Moreover, the operator A| ran (y) : ran(V) — > ran(V) is boundedly invertible and ker(A) = ker(V*). 
The operator At = VS^W* inverts A on ran(V) and ker(At) = ran(V^)- L . Therefore A f is the 
(Moore-Penrose) pseudo-inverse of A. 

Proposition 4.5. If J- is a frame such that At e A and R £ A then its canonical dual S^ 1 ?- is 
intrinsically A-localized. 

Proof: Since the diagram 14.2fl commutes we have VS^ 1 = A'V. Applying this equation on 
S'l-ipy yields G^T, S^T) = At o R. With At £ A and R £ A we obtain S^T ~ A S^T. ■ 

In the following we will show that any intrinsically A-localized frame ensures that At and R are 
in A, provided A is a spectral algebra. 

Definition 4.3. An admissible algebra A is called a spectral algebra if it fulfills the following 
additional property 

(S) for all A = A* £ A it holds (74(A) = cr(A), where cm (A) and c(A) are the spectra of A in A 
and B(L 2 (X, fi)), respectively. 

Probably the most important example for our purpose was studied in 0]. 

Example 4.1. Assume that X is endowed with a (semi-)metric d. Denote B r (x) :— {y £ 
X, d(x, y) < r} the ball of radius r around x and suppose further that there exist constants 
G, P, r o > such that p,(B r (x)) < Cr 13 for all r > r$. In other words, A is a space of homogeneous 
type. Let p : [0,oo) — > [0, oo) be a concave function with p(0) = 0. Then m(x,y) :— e p ( d ( x,y " is an 
admissible weight. The space A2 is defined by 

1/2 



A 2 = I AT : ||A|| 2 = maxjesssup^^ (^J \K(x,y)\ 2 dp(y) 

esssup yex ^ |A(x,y)| 2 d/i(a:)^ 1 < 00 



Endowed with the norm || • ||a it is a Banach space. If p satisfies the condition 

lim M = 

and 

to(x, y) > (1 + d(x, y)) s for some (5 > (4.3) 

then A rn , 2 = A m endowed with the norm ||A|| mi2 = max{|| A|A m || , || A|| 2 } is a spectral 

algebra. In case of equality in (|4.3[1 and < 6 < 1 this is stated in jU Theorem 4.7]. The general 
case is proven completely analogous as in |3fil Theorem 3.1]. 

For further relevant examples of spectral algebras we refer to [3fi| . 

The following theorem states that if A = A* £ A for some spectral algebra A has a (Moore-Penrose) 
pseudo- inverse At , then also At £ A. In other words, a spectral algebra is "pseudo- inverse closed" . 
A proof can be found in [23 . 
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Theorem 4.6. Let M be a closed subspace of Ti with orthogonal projection P onto M. Assume 
that A = A* £ A, ker(A) = M 1 - and that A : A4 — > M. is invertible. Then the pseudoinverse A' , 
i.e., the unique element in B(H) satisfying A' A = AA^ = P and ker(A^) = Ai ± , is an element of 
A. In particular P £ A. 

Now let us state the main result of this section. 

Theorem 4.7. Let A be a spectral algebra. If T is an intrinsically A-localized frame then also its 
canonical dual S^ 1 ? 7 is intrinsically A-localized. In particular, A' and R are elements of A. 

Proof: Since A = G{T, T) £ A is an operator which fulfills the requirement of Theorem 14.61 
At e A, R £ A and, by Proposition g31 we obtain S^T ~ A S^T. ■ 

Corollary 4.8. Let A be a spectral algebra. In the set of intrinsically A-localized continuous 
frames the relation is an equivalence and equivalent intrinsically A-localized continuous frames 
define the same coorbit spaces. 

We remark that Theorem 14.71 provides a strategy to prove that the kernel R = G(!F, S -1 ^) is 
contained in A m (or at least in A\), which is essential for constructing coorbit spaces and, as we 
will see in the following section, also for the extraction of a discrete frame from the continuous one. 
In particular examples the appearance of the inverse frame operator S in the kernel R makes it 
hard to show directly that R is contained in A m - To overcome this problem Theorem 14. 71 suggests 
the following recipe. One first has to find a suitable subalgebra A of A m which is spectral. (Of 
course, this is not necessary, if A m is spectral itself. Unfortunately, it seems an open question 
whether A\ is spectral, see also For example, an algebra A m ,i as in Example 14. II might be 

suitable. The next step is to prove that T is .4-self-localized, i.e., G{T,T) € A. Potentially, this 
task is much easier since G(!F,!F) does not involve the inverse operator S~ l . Then Theorem 14.71 
implies that R € A C A m . 

5 Discrete Frames 

In this section we investigate conditions under which one can extract a discrete frame from the 
continuous one. In particular, we will derive atomic decompositions and Banach frames for the 
associated coorbit spaces. 

The basic idea is to cover the index set X by some suitable covering U = {Ui}i^i with countable 
index set / such that the kernel R does not "vary too much" on each set {/,-. This variation is 
measured by an auxiliary kernel oscu(x,y) associated to R. Choosing points Xi £ Ui, i £ I, we 
obtain a sampling of the continuous frame {ifi x }x<£X- Under certain conditions on osc^ the sampled 
system {ip Xi }i € j is indeed a frame for H. 

We start with a definition. 

Definition 5.1. A family 11 = {Ui)i^x °f subsets of X is called (discrete) admissible covering of 
X if the following conditions are satisfied. 

• Each set Ui, i £ I is relatively compact and has non-void interior. 

• It holds X = U ie iUi. 
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• There exists some constant N > such that 

sup #{i G /, Ui n U 3 -.^ 0} < N < oo. (5.1) 

Furthermore, we say that an admissible covering hi = (Ui)i<=i is moderate if it fulfills the following 
additional conditions. 

• There exists some constant D > such that fi(Ui) > D for all £ G I. 

• There exists a constant C such that 

H(Ui) < C^Uj) for all i,j with [/, n C/j ^ 0. (5.2) 

Note that the index set I is countable because X is er-compact. We remark further that we do 
not require the size of the sets Ui (measured with fi) to be bounded from above. We only require 
a lower bound. Condition l|5.2[) means that the sequence (/i([/j))j e j is ^/-moderate in the sense 
of |211 Definition 3.1]. If the sets Ui do not overlap at all, i.e., they form a partition, then this 
condition is satisfied trivially. A recipe for the construction of more general admissible coverings 
with property i|5.2[l is discussed in |18) together with some relevant examples. 

For the aim of discretization we have to restrict the class of admissible weight functions (resp. 
the class of function spaces Y). From now on we require that there exists a moderate admissible 
covering hi = (Ui)i^j of X and a constant C m .u such that 

sup m(x, y) < C mt u for all i G I. (5-3) 

x,y£Ui 

Of course, the trivial weight 1 has this property (provided of course that moderate admissible 
coverings exist), so that unweighted L p (X)-spaces are admitted. Moreover, if w is a continuous 
weight on X, then property l|5.3() of its associated weight on X x X defined by l|3.6l) means that w 
is ^/-moderate in the terminology introduced by Feichtinger and Grobner in 21, Definition 3.1]. 

The next definition will be essential for the discretization problem. 

Definition 5.2. A frame T is said to possess property D[5, m] if there exists a moderate admissible 
covering U = U S = (Uiji^i of X such that (|5.3|l holds and such that the kernel osc^ defined by 

osc w (x,2/) := sup KS^Vz, 4>y ~ 4>z)\ = sup \R(x,y) - R(x,z)\, 
where Q y := Ui tye UiUi, satisfies 

||osc w |An|| < S. (5.4) 

We assume from now on that the frame T possesses at least property D[5, 1] for some 6 > 0. 
Furthermore, we only admit weight functions m (resp. spaces Y) for which the frame has property 
D[8,m] for some S > 0. 
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5.1 Preparations 



Associated to a function space Y and to a moderate admissible covering hi = (Ui)i^i we will 
define two sequence spaces. Before being able to state their definition we have to make sure that 
characteristic functions of compact sets are contained in Y. 

Lemma 5.1. If Q is an arbitrary compact subset of X then the characteristic function of Q is 
contained in Y . 

Proof: Assume that F is a non-zero function in Y. Then by solidity we may assume that F is 
positive. Clearly, there exists a non-zero continuous positive kernel L G A m . The application of L 
to F yields a non-zero positive continuous function in Y (by the assumption on A m ). Hence, there 
exists a compact set U with non-void interior such that L(F)(x) > for all x £ U. By compactness 
of U and continuity of L(F) there exists hence a constant C such that xu(x) < CL(F)(x) for all 
x € X. By solidity xu is contained in Y. Now, we set K(x, y) = [J>(U)~ l XQ{ x )xu{y), which clearly 
is an element of A m by compactness of Q and U. It holds xq — K{xu) and hence XQ •= Y. ■ 

Now we may define the spaces 

F b := Y b (U) :={(Xi)ieI,J2 X ^ £Y }' 

iei 

Y* := Y\U) :={{\)iel,Y, X ^ U i)~ 1 ^ i ^Y} 

with natural norms 

11(^)^1^11 ^ii^ia^C^-VJ^II. 

iei 

If the numbers fJ,(Ui) are bounded from above (by assumption they are bounded from below) then 
the two sequence spaces coincide. Lemma 15.11 implies that the finite sequences are contained in 
Y b and Y^, If the space (Y, |j • |Y||) is a solid Banach function space, then (Y\ \\ ■ |F b ||) and 
(Y^, || ■ 11^ ||) are solid BK-spaces, i.e., solid Banach spaces of sequences for which convergence 
implies componentwise convergence (this can be seen, for example, as a consequence of Theorem 
O(d) and the fact that Y b c Y^). Let us state some further properties of these spaces. 

Theorem 5.2. (a) The spaces (Y b , || • |Y" b ||) and (Y\ \\ ■ \Y^\\) are Banach spaces. 

(b) If the bounded functions with compact support are dense in Y , then the finite sequences are 
dense in Y b and Y^ . 

(c) Denote ai := (i(Ui). Further, assume thatw is a weight function on X such that its associated 
weight m(x,y) — max{w(x)/w(y),w(y)/w(x)} satisfies |5.^) . For Y — L^(X,/i),l < p < 
oo, it holds Y b = (/) and Y^ — l p d (I) with equivalent norms with 

b p (i) := a 1 J p w(i), d p (i) :— a\^ p 1 w(i) 
where w(i) — sup xe;7 . w(x). 
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(d) Suppose that holds for the weight function m associated to Y and denote v(i) = 

sup x£U . v(x) and r(i) — v(i)(j,(Ui). Then is continuously embedded into &y r (I)' 

Proof: The statements (a), (b) and (c) are straightforward to prove. 
For (d) we fix some k € I and define the kernel 

Ki{x,y) = Xu k (x)xUi(y), it I- (5-5) 

For any i S / we obtain 

\h\Xu h = KiQXMUir'xUi) < K i {Y J \^MU j )- 1 Xu j ). 

By solidity of Y we get 

\M\\xu k \Y\\ < wk^ixmu^xu.ww < ii^i^ini^iA.iM^rvi^ii 

= \\K t \Aa\\\\{^ei\Y\ 
Let us estimate the .A m -norm of Ki. With yo £ Uk we obtain 



K t (x,y)\m(x,y)d^{y) < xujx) / m(x,y)d^(y) < ^(Ui) sup supm(x,y) 

X JUi x£U k ytEUi 

<^{Ui) supm(j/,yo) sup m(y ,x) < C m pi^{Ui)v{i). 
yeUi xeu k 

In the last inequality we used that different choices of z in the definition (|3.7|l of v yield equivalent 
weights. Furthermore, a similar computation yields 

\Ki(x,y)\m(x,y)diJ,{y) < C m ,ufi(U k )v(i) < Qn^D^ 1 n(U k )n(Ui)v(i) 

x 

where D is the constant in Definition 15.11 of a moderate admissible covering. Hence, ||ifi|„4 m || < 
C n(Ui)v(i) for some suitable constant C (note that k is fixed). This proves the claim. ■ 

Let us investigate the dependence of the spaces Y b and Y^ on the particular covering chosen. 

Definition 5.3. Suppose U — (£/j)iej and V = (Vj)jgj are two moderate admissible coverings of 
X over the same index set /. Assume that m is a weight function on X x X. The coverings U and 

V are called m-equivalent if the following conditions are satisfied. 

(i) There are constants C\,C% > such that Ci/j,(Ui) < (i(Vi) < C2fi(Ui) for all i E I. 

(ii) There exists a constant C such that sup x(£Ui sup^g^ m{x,y) < C for all i £ I. 

Lemma 5.3. Let m be the weight function associated to Y and suppose that 11 — (J7j)jgi and 

V = (Vi)i<=i are m-equivalent moderate admissible coverings over the same index set I. Then it 
holds Y\U) = Y\V) and Y\U) = Y\V) with equivalence of norms. 
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Proof: Assume that (Ai)jgj is contained in Y\V). Observe that the term 

Xv (y)xv J (y)diJ,(y)^(V i y 1 



equals 1 for i = j and for fixed i it is non-zero for at most N different indices j by the finite overlap 
property l|5.1|l . We obtain 



Y.\ x *\*uM < El A *lE*t/» / xvMxv j (y)Mv)Kv j )- 1 

iei iei jei x 

J X i f- 7 Ar- T „ \r- T 



iei jei iei 

where the kernel L is defined by 

L(x,y) := Y.XuA^XvM^r 1 - ( 5 - 6 ) 
jei 

The interchange of summation and integration is always allowed since by the finite overlap property 
the sum is always finite for fixed x, y. We claim that L is contained in A m - Using property (i) of 
m-equivalent coverings and once more the finite overlap property, we get 

/ L(x,y)m(x,y)dfx(y) = Vx^-W / Xv ] (y)^(V :i y 1 m(x,y)diJ.(y) 
Jx jel Jx 

= C ' Xu (x) < C'N for all x E X. 
jei 

With property (i) and (ii) in Definition 15.31 we get 

L(x,y)m(x,y)dfj,(x) = xv 3 (t/MV}) -1 / xu s (x)m(x,y)dfx(x) 



x jeI JX 

< C 'Y, Xv, (vMUMVi)- 1 < C'C^N for all y E X. 
jei 

Thus, L 6 A m and by solidity of Y we conclude that 

\\(X t ) l£l )\Y b (U)\\ < WLfcfoxvm < ||L|A„||||(A 4 ) ie |^(V)||. 
iei 

Exchanging the roles of U and V gives a reversed inequality and thus Y b (U) = Y b (V). Moreover, 
replacing (Ai)»ei by (n(U i y 1 X l ) l(£l shows that Y\U) = Y\V). ■ 

For some i E I we denote i* := {j E I,Ui <~)Uj ^ 0}. Clearly, this is a finite set with at most N 
elements. The next Lemma states that the sequence spaces are W-regular in the sense of 
Definition 2.5]. 

Lemma 5.4. For (Ai)igi E Y^ let Xf := Yljei* X J - Then there exists some constant C > such 
that\\(Xt) ie i\Y*\\<C\\(*i) ie i\Y*\\. 
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Proof: By Proposition 3.1 in j2J we have to prove that any permutation ir : I — > I satisfying 
n(i) C i* for alii £ I induces a bounded operator on Y\ i.e., ||(A„-(i))i£j|Y' , || < C"||(Ai)i e j|Y'||. 
We define the kernel 

K*(x,y) := ^2n{U 7r -i(t)y 1 Xu„- lw {x)xuAy)- 
iei 

It is easy to see that 
This gives 



^2\K{ :l )HUi)Xu t {x) = Y^W\»{U*-Hi)) l Xu it . Hi) {x) < ^2\*i\KMUi) 1 Xu i ){x) 

K^lKHUi^Xu^x). 



iei iei iei 



iei 



Provided is contained in A m this would give the result by solidity of Y. So let us estimate the 
■4 m -norm of K n . We have 

/ K 7T (x,y)m{x,y)dfj,(x) = / V K^-H^^XU-t,^ (x)xu t (y)m(x, y)d(i{x) 
Jx Jx ieI 

< J2 XuAv) sup sup sup m{x, y) < C 2 mU X. 
\ ieI j i&i y^u, xeUj^Uj 

Hereby, we used that for y £ Ui, x € Uj with U HUj 7^ and z G U n Uj it holds m(x, y) < 
m{x, z)m(z,y) < C'^ nU by property 1)5.3(1 . Furthermore by property l|5.2|) . we obtain 

Kir(x,y)m(x,y)d(J,(y) < / V ^(U^-iu^xu _i m 0)xc/ s (y)m(x, y)d^i{y) 

Jx iei 

< ^EA*(^-'(i))"V(Ci)x^_x w (») < 
iei 

This completes the proof. ■ 



We will further need a partition of unity (PU) associated to a moderate admissible covering of X, 
i.e., a family $ = (<f>iei)iei °f measurable functions that satisfies < <j>i(x) < 1 for all x E X, 
supp^>t C Ui and J2iei ^{x) — 1 f° r au 2; <= AT. The construction of such a family $ subordinate 
to a locally finite covering of some topological space is standard, see also [251 p. 127]. 
We may apply a kernel K also to a measure v on X by means of 

AWfar) = / K(x,y)dv(y). 
Jx 

We define the following space of measures, 

D{U,M,Y*) := {vt M loc (X),(\u\(Ui))iei e F*} 

with norm 

IM£>(w,M,y*)|| := ||(|H(^)WI^||, 
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where M; oc denotes the space of complex Radon measures. Spaces of this kind were introduced 
by Feichtinger and Grobner in who called them decomposition spaces. We identify a function 
with a measure in the usual way. Then 

D(U,L\Y*) := {F e L\ oc , ( f \F(x)\d»(x)) ieI G Y*} 

JUi 

with norm \\F\D(U, L 1 , Y^)\\ := ||(||x;y;-F 1 |£ 1 ||)'ie,r|5 / ' t '|| can be considered as a closed subspace of 
DiU. M. )' : ). 

We have the following auxiliary result. 

Lemma 5.5. (a) It holds Y C D{JA,L X , (Ly v p) with continuous embedding. 

(b) Assume that the frame has property D[5,m] for some S > 0. Then for v G D{U , M,Y^) it 
holds R{v) G Y and \\R(u)\Y\\ < C\\v\D(U,M,Y*)\\. 

Proof: (a) Assume F G Y and let 

H(x) :=Y,\\Xu i F\L l \\ l ji{U i )- 1 x Ui {x). 
iel 

We need to prove H G Ly v - Fix k € I. Since Y is continuously embedded into Lj oc there 
exists a constant C such that Hxt^-Fl^ 1 1| < C|| ^|^|| for all F G Y. With K t as in (EJJ (and 
fixed k G I) it holds xu { = fJ<(Uk) Kf (xu k ) ■ It is shown in the proof of Proposition 15.21 that 
||-Ki|.4m|| < C fj,(Ui)v(xi) for some constant C > and Xi G U{. We obtain 

Ilxc/.FIL 1 !! =^U k )- i \\K*( XUk )F\L 1 \\ = ^{U^UuMF^W < C^Uk)- 1 \\Ki(F)\Y\\ 
KCuQUk^WKilAmW \\F\Y\\ < C"fi(UM^)\\F\Y\\. 

With this we obtain 

H(x)<C"\\F\Y\\Y / XuMv(^)- 

For fixed x this is a finite sum over the index set I x = {i € I , x € Ui} . It holds 

supu(a: i ) < supm(i,i,)m(x,z) < C m>u m(x,z) = C m>u v(x) 

by l|5.3[) . This proves H G Ly v and the embedding is continuous. 

(b) Let $ = {<t>i)i£i be a PU associated to U. Further, we denote Ri(x, y) :— 4>i(y)R(x, y). Clearly, 
we have R(x, y) = Ri{ x i V)- We obtain 

\Ri{v){x)\ = | / Ri(x,y)dv(y)\ < f \Ri{x,y)\d\v\{y) < \v\(Ui)\\Ri(x, 

Observe further that 

H(Ui)\\Ri(x, ^Hoo < / X(7 4 (y) sup 
Since the frame is assumed to have property D[S, m] we obtain by definition of osc^ that 
\R(x,z)\ < osc u (x,y) + \R(x,y)\ for all z,y G U. t . 
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This gives 

^(C/i)||i?i(x,-)||oo < / Xu,{y)( osc u(x,y) + \R(x,y)\)dy = (osc u +\R\) (XUi)(x) 
Jx 

and hence, 

\\r(u)\y\\ =wj2^n\Y\\ < ^wimmrHoacu+mbcuM 

iei iei 



{os Cu +\R\) \yy\{U i ) ll {lJ i )~ l Xv i \ \Y 

< (ii osc w i^cn + iii?iAnii) ii Kw^rvj*! 

iei 

= (||osc M |^ m || + ||ii|An||)||»'W,M,y l| )||. (5.7) 



This proves the claim. 



Using this Lemma we may prove that the assumption made in Proposition 13 . 71 holds in case that 
the general assumptions of this section are true. 

Corollary 5.6. If the frame has property D[S,m] then R(Y) C L^°, with continuous embedding. 
In particular. Proposition \3. 7| holds. 

Proof: Suppose F G Y. By Lemma ICTa) it holds F G (LfiJ*) and by Lemma ETSTb) 

we get R(F) G Lf /v . U 

5.2 Atomic Decompositions and Banach Frames 

Let us give the definition of an atomic decomposition and of a Banach frame. For a Banach space 
B we denote its dual by B* . 

Definition 5.4. A family {gi}i£i in a Banach space (B, || • \B\\) is called an atomic decomposition 
for B if there exist a BK-space (B^(I), || ■ \B^\\), B^ = B*(I), and linear bounded functional 
{•^j}ie/ C B* (not necessarily unique) such that 

• C^»(/))iei G & f° r ah / G -B and there exists a constant < C\ < oo such that 

\\{W))iei\BH < C 1 \\f\B\\, 



if (Ai)jg/ G B* then / = ^2 ieI Kgi G B (with unconditional convergence in some suitable 
topology) and there exists a constant < C2 < 00 such that 



||/|S|| < CalKAiJiejI^H, 

• / = £< E jM/)ft for all f € B. 

We remark that this is not a standard definition (and probably such is not available). For instance, 
Triebel uses this terminology with a slightly different meaning |2] p. 59 and p. 160]. The next 
definition is due to Grochenig \IYA\ . 
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Definition 5.5. Suppose (B,\\ ■ \B\\) is Banach space. A family {/ij}ieJ C B* is called a Ba- 
nach frame for B if there exists a BK-space (£ b (7),|| • |5 b ||), £ b = B b (7), and a linear bounded 
reconstruction operator Q : B b — > i? such that 

• if / G fl then (?!>*(/ ))ie/ G -B b , and there exist constants < Ci, C2 < 00 such that 

Ci||/|S|| < ||(^(/)) ie/ |S b || <C 2 \\f\B\\, 

. n(hi(f)) ieI =/ for aU/65. 

Clearly, these definitions apply also with B* replaced by the anti-dual B n . Now we are prepared 
to state the main theorem of this article. 

Theorem 5.7. Assume thatm is an admissible weight. Suppose the frame J 7 = {ip x }xex possesses 
property D[8, m] for some S such that 

5(\\R\A m \\+max{C m>u \\R\A m \\,\\R\A m \\+S}) < 1 (5.8) 

where C m ju is the constant in Let U s denote a corresponding moderate admissible covering 

of X and choose points (xi)i^j C X such that Xi € t/j. Moreover assume that (Y 1 \\ ■ \Y\\) is a 
Banach space fulfilling properties (Yl) and (Y2). 

Then Td := {tp Xi }iel C /Cj is both an atomic decomposition of CoY with corresponding sequence 
space and a Banach frame for CoY with corresponding sequence space Y b . Moreover, there 
exists a 'dual frame' Td = {ei} i( zj C Ti^ such that 

(a) we have the norm equivalences 

\\f\CoY\\ S \\{{f^ Xi )) ieI \Y b \\ and \\}\CoY\\ S ||((/, e 4 )). ie/ |^||, 

(b) if f G CoY then 

iei 

with unconditional norm convergence in CoY if the finite sequences are dense in Y^ and with 
unconditional convergence in the weak-* topology induced from (Wj) otherwise. 

(c) if the finite sequences are dense in Y b , then for all f G CoY it holds 

iei 

with unconditional convergence in the norm of CoY . 

Also discretizations of the canonical dual frame lead to Banach frames and atomic decompositions. 

Theorem 5.8. Under the same assumptions and with the same notation as in the previous theorem 
Td '■= {_S ip Xi }iei C Ti-l is both an atomic decomposition of CoY (with corresponding sequence 
space Y^) and a Banach frame for CoY (with corresponding sequence space Y b ). Moreover, there 

exists a 'dual frame' Td = {e~i\iei C /Cj with the analogous properties as in the previous theorem. 
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Let us remark that the two previous theorems hold " uniformly in Y" . Namely, if to is fixed then 
the constant 8 is the same for all function spaces Y satisfying properties (Yl) and (Y2) with that 
specific to. In particular, the same covering (Ui) can be used for all those spaces Y and {ip Xi }iei; 
xi £ Ui, is a Banach frame for all coorbit spaces CoY at the same time. 
The previous theorems imply an embedding result. 

Corollary 5.9. We have the following continuous embeddings 

U\ C CoF C (ICl)" and tCl C CoY C (Hi)". 

Proof: By Proposition 13.71 and Corollary 15. 61 f £ CoY" implies Wf £ R(Y) C Ly v which in turn 

means / £ (T~tlY by Lemma I3~2l and the embedding CoY C (HlY is continuous again by Corollary 
15.61 Lemma 15.11 shows that the Dirac element 6i(J) := 8ij is contained in Y^ and this in turn 
implies with Theorem 15 . 71 that all ij; Xi , i £ I, are contained in CoY with ||^ Xi |CoY|| < ||<5j|Y'|| < 
CII^Kull = Cv(xi) . Since any x £ X may be chosen as one of the Xi it holds tp x £ CoY for all 
x £ X with ||^) x |CoY|| < Cv(x). Corollary 13.41 hence implies that K\ is continuously embedded 
into CoY. The other embeddings are shown analogously. M 

We will split the proof of Theorems 15.71 and 15.81 into several lemmas. Let us just explain shortly 
the idea. Given a moderate admissible covering U s = (E/i)i6j, a corresponding PU (4>i)ie.i an d 
points Xi £ Ui,i £ I , we define the operator 

U<s>F{x) := y^ j c i F(x i )R(x,Xi) 
iel 

where c, = J x tfii(x)d(j,(x). Intuitively, t/$ is a discretization of the integral operator R. 
If E/$ is close enough to the operator R on R(Y) this implies that [/$ is invertible on R(Y) 
since R is the identity on R(Y) by Proposition 13.71 Since Wf £ R(Y) whenever / £ CoY and 
R(x,Xi) = W(tp Xi )(x) we conclude 

Wf = UzU^Wf = ^CiiU^WfHxjWtP^ 
iel 

resulting in / = ^2 ieI Ci(U^ 1 W f){xi)ip Xi by the correspondence principle stated in Proposition 

13.71 This is an expansion of an arbitrary / £ CoY into the elements ip Xi ,i € I, and, thus, it 
gives a strong hint that we have in fact an atomic decomposition. Reversing the order of [/$ and 
U^ 1 and replacing Wf by V f leads to a recovery of an arbitrary / £ CoY from its coefficients 
Wf{x{) — (f,ipxi) and, thus, we may expect to have a Banach frame. In the following we will 
make this rough idea precise. In particular, we need to find conditions on 8 that make sure that 
J7$ is close enough to the identity on R(Y) (in fact this is ensured by l|5.8|) L Moreover, we will 
need some results that enable us to prove corresponding norm equivalences. 
Let us start with some technical lemmas. 

Lemma 5.10. Suppose that the frame has property D[5,m] for some 8 > and that 14 s = (Ui)i^i 
is a corresponding moderate admissible covering of X . Further, assume (Aj)jgj £ Y^ and (^i)jgi 
to be points such that Xi £ Ui. Then x i— > X^e/ X%R(x, Xi) defines a function in Y and 

|| J>*(->*0I*1 < C\\{\) m \Y\ (5.9) 



24 



The convergence is pointwise, and if the finite sequences are dense in it is also in the norm 
of Y . Furthermore, the series x <—> X^e/ R(x, Xi)v(xi) converges pointwise and absolutely to a 
function in L^°, . 

Proof: Denote by e x the Dirac measure in x. Then the application of R to the measure v := 
Sig/ ^i e xi results in the function x i— > \%R(x,Xi). It follows from Lemma 15.41 that 

\\Y,he Xi \D{U,M,Y*)\\ < C\\{\^ ieI \Y\ 
iei 

Thus, Lcmma l5~ST b) yields l|5.9|l . If the finite sequences arc dense in Y then clearly the convergence 
is in the norm of Y. 

For the pointwise convergence observe that the space Y = L^ v has m as associated weight function. 
For this choice it holds Y^ — where r(i) = v(xi)ii(Ui) fTheorem \b.2i c\). The application of 
\R\ to the measure v — ^2 ieI v{xi)n(Ui)e Xi yields J2iei \R( X > x i)\ v i x i)l J '{Ui)- The estimations in 
l|5.7|) are also valid pointwise until the second line, yielding 

R{y){x) < (oscu+lRDC^WmMU^xuiKx) 

iei 

For our specific choice of v we have 

Wm)= £ Hxi)\n{jJi)< H^)\Ku j )<oo, 

j^jeUiDU, j,UinUj^Hi 
since this is a finite sum. Moreover, for fixed x also 

H(x) = Y,W\(U l )K^r 1 XuM- 

is a finite sum and, hence, converges pointwise. We already know that H is contained in L^ v . We 
conclude that the partial sums of X^pj \R( x i x i)\v(Xi)p:(Ui) are dominated by 



(osc u +\R\)(x,y)H(y)dfi(y) = / (osc w +\R\)(x, y)v(y)H(y) V - 1 (y)dfi{y) 



osc w -r\ix\)\x, yyuyyju yyjv ' 

X 

< / (osc u +\R\)(x,y)in(x,y)dfj,(y)m(x,z) sup \H(y)\v~ l {y) (5.10) 
Jx yex 

< m(x,z){\\oscu+\R\ \A m \\)\\H\L^J. 

Hence, the sum J2iei Xi)\v(xi)fi(Ui) converges pointwise. By Theorem 15. 2f d) we have Y^ C 
£y r for some general Y. Together with the results just proven this yields that the convergence is 
also pointwise in general. M 

Lemma 5.11. Suppose that the frame T has property D[S 7 m] for some 5 > and let IA S = (Ui)i<zi 
be an associated moderate admissible covering of X with corresponding PU {4>i)iei- If F E R(Y) 
then for some constant D > it holds 

\\J2 F ( x i)Xu t \Y\\ < D\\F\Y\\ and || £i^)^|Y|| < <7||F|Y|| (5.11) 
iei iei 

where a := max{C mi w||i?|„4 m |j, ||i?|„4 m || + 6} with C m> u being the constant in 15.3\) . 
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Proof: Since F £ R(Y) it holds F = R{F) by Proposition E3 and Corollary ICT This yields 
H{x) :=J2F(x t ) X uM = J2 R ( F )( x *)xuM = Z) / R(x i ,y)F(y) X u i (x)My) 
Z R i x ^y)Xu i {x)F(y)diJ,(y). 



Since the sum is finite over the index set I x = {i,x £ Ui} the interchange of summation and 
integration is justified. Defining 

K(x,y) := J2 R ( x hV)xu i (x) (5.12) 
iel 

we obtain H = K(F). We claim that K £ A m . For the integral with respect to y we obtain 

\K(x,y)\m(x,y)dfi(y) < ^ xUi{x)m{x, Xj) \ \R(x l ,y)\m(x l ,y)d^(y) < NC m ,u\\R\A m \\ 



x 



x ieJ. Jx 

where N is the constant from Ij5.1|l and C m ,u the one from H5.3(l . For an estimation of the integral 
with respect to x observe first that 

\R{xi,y)\ < osclt(x,y) + \R(x,y)\ 

for all x £ Q Xi = ^j-.Uir\Uj=£<l)Uj by definition of oscu- By Fubini's theorem we obtain 

, E/ « 

<A(||osc^|.4 m || + ||i?|A»||) < N(\\R\A m \\+S). 
This proves K £ A m and we finally obtain 

\\Y, F i*i)Xu t \Y\\ = \\K(F)\Y\\ < \\K\A m \\\\F\Y\\. 

A similar analysis shows also the second inequality in H5.11J) . The constant N from 1)5. 1[) does not 
enter the number a since we replace the characteristic functions by a partition of unity. M 

Corollary 5.12. Suppose the frame possesses property D[S,m] for some S > 0. If f £ CoY then 
it holds WiVfix^lY^KCWflCoYl 

Proof: By Proposition 13. 71 it holds Vf £ R(Y). By definition of the norm of Y^ and by Lemma 
EUwe conclude || (V f( Xl )) ieI \Y b \\ < C\\Vf\Y\\ = C||/|Cor||. ■ 

As already announced we need to show that £/$ is invertible if 6 is small enough. 
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Theorem 5.13. Suppose the frame T possesses property D[5, m] for some 6 > 0. Then it holds 

|| (Id -U*) \R(Y) -+R(Y) || < 5(\\R\A m \\+a), (5.13) 

where a is the constant from Lemma \5.11\ Consequently, £/$ is bounded and if the right hand side 
of is less or equal to 1 then C/$ is boundedly invertible on R(Y). 

Proof: Let us first show the implicit assertion that F £ R(Y) implies U&(F) £ R(Y). Lemma 
15.111 implies (F(xi))i^i £ Y b which in turns means (ciF(xij)iei £ Y*. It follows from Lemma 
15. 101 that '}2 li ^iCiF{xi)R{- 1 Xi) converges pointwise to a function G — U$(F) £ Y. The pointwise 
convergence implies the weak-* convergence of Y^iei c iF(xi)ip Xi to an element g of (H-iy by Lemma 
13.61' b') which is then automatically contained in CoY since G £ Y. From Lemma b.tif c') follows 
that G = Wg — R{Wg) and hence U$(F) £ R(Y). 

Let us now introduce the auxiliary operator 

S^F{x) := RQ2F(xi)<M(x). 
iei 

Assuming F £ R(Y) implies F = R(F) by Proposition 13 . 71 and Corollary 15. 61 This yields 

\\F-S*F\Y\\ = \\R(F-J2 F (xi)<Pi)\ Y \\ < \\R\-Am\W\F -J2 F ( x i)<f>i\y\l 

iei iei 

We further obtain 

iei iei 



iei x iei x 

= / osc^(x, y)\F(y)\y24>i(x)d/i(y) = osc^(F)(a:). 
Jx 



Hereby, we used R(x,y) — R(y,x), suppefo C t/j, the definition of the kernel oscu and that (<fii)iei 
is a partition of unity. Furthermore, the interchange of summation and integration in the last line 
is allowed since by (|5.1() the sum is finite for any fixed x £ X. Since ||if*|^4 m || = ||if|^4 m || for all 
K £ Am we obtain 

\\F-S*F\Y\\ < \\R\A m \\ \\osc^{F)\Y\\ < \\ R\A m \\ \\ osc u \A m \\ \\F\Y\\. (5.14) 
Let us now estimate the difference of C/$ and 5$, 

\U*F(x) - S 9 F(x)\ = |V / 4>i(y)F(xi)(R(x,Xi) - R(x,y))d[i(y)\ 
iel Jx 

< / , I \F(xi)\<pi(y) osc u (x, y)d f i(y) = / ^\F(xi)\Uv) 

osc u (x, y)dfi(y). 

!r- T JX JX -r- T 



iei 



Denoting H(y) := J^iei \F(xi)\4>i(y) we obtain with Lemma T5. Ill and by solidity of Y 

\\U*F - S*F\Y\\ < \\osc u (H)\Y\\ < \\osc u \A m \\\\H\Y\\ < fa||f|y||, (5.15) 
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Using the triangle inequality together with 15. lH we obtain (|5.13|) . ■ 
Now we have all ingredients to prove Theorem 15. 71 

Proof of Theorem 15.71 The condition on S implies by Theorem 15.131 that [/$ is invertible on 
R(Y). Assuming / S CoY means Wf E R(Y) by Proposition I3.7f a) and Corollary 15.61 We 
conclude 

Wf(x) = U^U^Wf(x) = J2 c *(U* 1 Wf,fr)R(x,x l ) =Y l c i (U^ 1 Wf,<f> i m xi (x). 

Setting Aj(/) := Ci(U^ 1 W f)(xi) we obtain with Proposition 13. 71 

/ = I>(/M*- (5.16) 
iei 

Since Cj < fx(Ui) we obtain with Lemma l5.11l 

\\(Xi)iel\YH <\\(U^Wf)( Xl )\Y b \\J C\\U^Wf\R(Y)\\ 
<C\lU^\R(Y)\\\\f\CoY\\. 

Conversely, suppose that (Aj)jgi € Y^ and form the function 

H{x) := J^Ai^Si) = J^W^X*). 

Since C l^- (Theorem I5.2f d11 the sum converges pointwise to a function in L^°, by Lemma 
15.101 By Lemma I3.6f b1 the pointwise convergence of the partial sums of H implies the weak-* 
convergence in (HlY of / := J2iei ^tV'au- Hence, / is an element of (H*) n and by Lemma [5.101 is 
therefore contained in CoY. Also from Lemma f5 . 101 follows 

||/|CoF|| = ||ff|Y|| < C"||(A,) ie/ |Y^|| 

and the convergence of the sum representing / is in the norm of CoY if the finite sequences are 
dense in YK This proves that = {4> Xi }iei is an atomic decomposition of CoY . 
Now suppose / e CoY and let F := Vf € R(Y). We obtain 



Vf = U- l UzVf = U^ 1 (^CiVf(xi)Wi> x )j 
By the correspondence principle (Proposition 13 . 7| this implies 

/ = W*U^ [J2^Vf(x l )R(;x l )) 



(5.17) 



This is a reconstruction of / from the coefficients Vf(xi) = (f,?p Xi ),i £ /, and the reconstruction 
operator T : Y b — > CoF, T = V^ 1 !/^ 1 J is bounded as the composition of bounded operators. 
Note that the operator J((Ai)ig/)(x) := Ci\iR(x 1 Xi) is bounded by Lemma 15.111 Setting 
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Y = Ly v shows that any element of CoL^ v — K} v can be reconstructed in this way. Now, if for 

/ G (/Cj,) n it holds ((f,ip Xi ))i£i £ Y then the series J2iei(f^xi)4>i converges to an element of Y 
since fa < \Ui- By bounded invertibility of t/$ on R(Y) the right hand side of (|5.17|) defines an 
element in Y, hence / € Coy. 

Using H5.17fl . the norm equivalence follows from 

||/|CoF|| = < WU^lRnW^aVfix^R^x^YW 

<c\\u^\\\\( Cl vf{x t )) ieI \Y% < cfflf/^^iiKy/^))^!^!! < c'||/|c y||. 

Hereby, we used Lemma f5. 101 c, < ai and Corollarv l5.12l Hence, we showed that Td is a Banach 
frame for Coy. 

In order to prove the existence of a dual frame let Ei :— CiU^ 1 (Wipx i ) & R{Ll) and denote € Til 
the unique vector such that Ei = V(ei). If the finite sequences are dense in Y" then we may 
conclude from H5.17[l by a standard argument (see also [2] Lemma 5.4]) that / = J2iei(f>^ x i) ei 
with norm convergence. This proves (c). 
We claim that 

Ai(/) = (M 

yielding together with (|5.16|l / = J^ieiif^^^Pxi (with weak-* convergence in general, and if the 

finite sequences are dense in Y^ with norm convergence). 

If F e R{Y) then F(x) = R(F)(x) = (F,Wip x ). A simple computation shows 

(U^F,Wtp x ) = J2c i F(x i ){R(;x i ),W^ x ) = ^2aF(x i )Wi> x (x i ) = {F,U*Wil> x ). 
iei iei 

Hence, the same relation applies to U^ 1 = X)^Lo(^ — ^*)™ ano - we obtain 

Hf) =Ci(U^Wf)(xi) = Ci{U^Wf,Wi> Xi ) = {Wf,CiU^Wxl> Xi ) 
= (Wf,Ve l ) = (f,W*Vei) = (/ >e< ). 

By Lemma 15.101 we have the norm estimate 

||/|Coy|| =\\J2(f,e i )R(;x i )\Y\\ < C\\((f, ei )W|^|| < C\\(U^W f(x t )) teI \Y b \\ 
iei 

<C\\U^Wf\Y\\ < C\jU^\R(Y)\j\\f\CoY\\. 

This shows (a) and, thus, we completed the proof of Theorem 15.71 Theorem 15.81 is proved in the 
same way by exchanging the roles of V and W. ■ 

Remark 5.1. Using different approximation operators (compare |34|) one can prove that under 
some weaker condition on 5 one may discretize the continuous frame in order to obtain only atomic 
decompositions or only Banach frames with no corresponding results about (discrete) dual frames. 
In particular, if 5 < 1 then with the procedure of Theorem 15 . 71 one obtains atomic decompositions 
and if S < ||i?|^ TO || _1 one obtains Banach frames. 

Let us also add some comments about the Hilbert space situation which was the original question 
of Ali, Antoine and Gazeau. Here, we need to consider Y = L 2 since CoL 2 = Coi 2 = H. By 
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Lemma f5.2f the corresponding sequence space is Y b = ^_(J) = £ 2 {I,a) where a, = n(Ui). In 
order to be consistent with the usual notation of a (discrete) frame it seems suitable to renormalize 
the frame, i.e., under the conditions stated in Theorem 15.71 f according to Remark 15.11 it is only 
necessary to have (5 < ||-R|^4 m || _1 it holds 

Ci||/pw|| < £|</,m(^) 1/2 ^>I 2 < c 2 ||/|w||. 

iei 

This means that {^([/j) 1 / 2 ^;}^/ is a (Hilbert) frame in the usual sense. Of course, for the aim 
of Hilbert frames one may choose the trivial weight to = 1 in Theorem 15. 71 

One might ask whether the L^integrability condition R £ A\ is necessary in order to obtain a 
Hilbert frame by discretizing the continuous frame. The crucial point in the proof of Theorem 15. 71 
is that the operator L/$ satisfies 

\\U^-Id\V(H) -»V(«)|| < 1. (5.18) 

If one finds a method to prove this without using integrability assumptions on R then the rest of 
the proof of Theorem 15 . 71 should still work. However, it is not clear to us how to do this in general. 

Concerning a complementary result Fuhr gave the example of a continuous frame indexed by K 
which does not admit a discretization by any regular grid of M. |3U1 Example 1.6.9]. 

Remark 5.2. As already noted in Remark 13. 21 one may relax condition (Y2) on the function space 
Y. In this case, one has to restrict to the subalgebra A := A m H B(Y), where B(Y) denotes the 
continuous operators on Y. The norm on A is given by \\K \A\\ := max{||iT|^4 m ||, |||.K"|Y|||}. Note 
that A might cease to be closed under the involution * . In order to carry through all results of this 
section Y must contain the characteristic functions of the sets Ui,i £ I, which is not automatic if 
A A m - Further, every occurring kernel must belong to A and not only to A m - In particular, 
R has to be contained in A. Further, one must replace A m by A in Definition 15.21 and add that 
also || osCy \ Y — ► Y\\ < S (which is no longer automatic). Also in condition l|5.8|l on 5 one needs to 
replace A m by A. Further, one needs to check that 

• \lKi\Yl\ < Cv(xi) and |||if*|Y||| < Cv(x l ) for the kernel K. t defined in lf53|l . 

• the kernel K(x,y) := R(xi,y)xUi( x ) defined in l|5.12|l acts continuously on Y. 

Under these minor changes one can also invoke the discretization machinery for coorbit spaces 
associated to this larger class of function spaces Y. 

6 Localized Continuous Frames Generating Localized Dis- 
crete Frames 

In this section we will show that the discretization method presented in the previous section 
preserves localization properties. In particular, we prove that given two localized continuous frames 
with respect to a suitable Banach-*-algebra A, the discretization method generates two localized 
frames with respect to a natural algebra A b of (infinite) matrices associated to A, which is defined 
similarly as the spaces Y b . 
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Definition 6.1. Let A be an admissible Banach-*-algebra of kernels on X x X which is an A m - 
bimodule. Suppose hi = (£/i)igi is a moderate admissible covering of X. Furthermore, for a 
sequence A = (Xij)i.jei let 

&u(x,y) ■= \*i,j\xui{x)xvj{y)- 
i,jei 

The algebra A b of matrices on / x / is defined by 

A b := A\U) = {A = ■ A u e A} 

with natural norm 

||A|^ b || := ||A W |„4||. 

The multiplication in A b is given by 



(A O £)ij = ^ ^i,ktk, 3 H(Uk 



kei 

Proposition 6.1. A b = A b ilA) is a Banach-*- algebra. Moreover, ifV — {Vi)i£i is another mod- 
erate admissible covering of X that is m- equivalent to U then A (V) = A b (U) with equivalence of 
norms. 

Proof: Let us define fik,i = J x Xu k ( x )xui (x)dfj,(x). Clearly [ik.k = H>{Uk)- We have to show that 
||Ao£|^ b || < ||A|^||||f|>||, 

(Ao£) u (x,y) =Y2^2W,k\H,j\^(Uk)xu i (x)xu j (y) =^2^2\^i,k\\^k,j\fJ-k,kXu i (x)xu j (y) 

i.j fcgl i,j k£l 

< 'J2'J2\^i,k\\ e i,j\f J 'k,iXu i ( x )xu :l (y) ='J2'J2\)>i,k\\ei,j\lJ>k,iXu i {x)xu j (y) = (Aw °£u)(x,y). 

i,j k,l i,j k,l 

We conclude by solidity of A and Theorem \b.2( &) that A b is a Banach-*-algebra. The second 
assertion is proven similarly as in Lemma |5. 31 The important point to note is A^ < L o Ay o L* 
with the kernel L is defined in i|5.6|l . ■ 

Proposition 6.2. Let A be an admissible Banach-* -algebra of kernels on X x X that is an A m - 
bimodule and satisfies A(Y) C Y . Further, assume that U = (Ui)i<=i is a moderate admissible 
covering of X. Then the algebra A b (JA) acts continuously from Y b into Y b by the mapping 

A :Y b —>Y b , (A(a)) teI = I ]T A,.,<i ,//; I \, ) I , A = (A„) 4J e A b . (6.1) 

W / i6 j 

In particular, A b is continuously embedded into B(£ 2 (I,a)) where a 2 : = (i(Ui). 
Proof: If a 6 Y then au{x) = Yliei a iXUi £ Y. A direct computation shows that 

A u (a u )(x) = ^y^lXlAoti^ijXuM). 

1,3 i 
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Therefore, by a similar computation as in Proposition 16. II 

\(A(a))u(x)\ < WiW^NdXv^x) < l^AVil^iXu, 0) = A u (a u )(x). 

1,3 1,3 i 



Since A(Y) C Y one concludes by solidity of A that A\Y b ) cf. In particular, if Y = L?(X,\x) 

1/2 



then by Theorem ICTc^ Y b = £ 2 1/2 (I) = £ 2 (I,a). 



Now we have done all preparations to prove the main theorem of this section. 

Theorem 6.3. Let A be a Banach-* -algebra of kernels on X x X, which is an A m -bimodule with 
respect to composition. Assume T = {ipx}x&x and Q — {(p x }xex to be two mutually A-localized 
frames such that Ryr,Rg € A m . Suppose there exists a moderate admissible covering U s — (Ui)i^j 
of X for which both T and Q possess property D[8,m] for some 5 > 0. Then the discrete systems 
Td and Gd, obtained from T and Q via Td = {tpxAiei an d Gd = {fy%]iei> with x^y^ € Ui, are 
A b '-localized, i.e., Td Gd- 

Proof: We have to show that (G(T ', G){xi, Vj))i,j £ A b . One easily verifies 

G{T , G) = G{T, G) o R T and G[T, G) = Rg o G{T, Q). 
Combining these equations we obtain 

G(r,g)(xi,y s ) = f f Rg(x i ,z)RA^y j )G(^5)(z,0d^)dn(z). 
Jx Jx 

We further deduce 

\G(F,g)(x i>yj )\ =(i(U i )- 1 (i(U j )- 1 f f XuMxuMG&'Wzi'VAlMxWiv) 

Jx Jx 

KfiiUi)- 1 ^)- 1 f f xuMxuAv) I I \Rg(xi,z)Rr(yj,0\ 
Jx Jx Jx Jx 

x \G(F, G)(z, 0\dn(t)dn(z)dn(x)dn(y) 

\G(r,g)(z,o\ ( [ iRrfaQlxuAvMUj^Mv) 

xjx \Jx 



x / \Rg(xi, z)\xUi{x)n(Ui) 1 dfi(x)) dfi(£)d/j,(z) 



IX 

As in the proof of Lemma E3Kb) we have 

\n.F\. '/,- C J \l Mll'imU) ' I 

IX 

|<H/>-' '• - !\ \ ' . ■ ' • •-•<'*' 

IX 

Denoting := oscj € A m and Tg := osc^ € A m we therefore obtain 

{G{T,G){x l ,y J )) u (x 1 y) = ^\G{T ,G)(x t ,y j )\xuM)xu J (y) 

i,3 

i,3 



\RAy3,0\xu s (y)My) < (°< +\Rr\)(xuM) 

and / \Rg(x t ,z)\xuAx)dfi(x) < {osc g s +\Rg\)(xu,)(z)- 



IX JX 



32 



Moreover, with 

H s (x,z) := Y, T ^){z)xu^MU l )-\ H F {y,£) := £ Tg{ XU] )(£) XUj (y)/i(t^)- 1 
we get 

{{G{T,G)(xi,yj))i,j)u < H G o |G(^,0)| o (fT^)*. (6.2) 

Hence, it suffices to show that H F , H s G A m , Since for fixed x the sum defining H G (x, z) is finite 
we may interchange the application of Tg with the sum. Denoting 

L(x,y) := 5I^( a; )^(y)^( C/j )~ 1 
is/ 

we obtain 

(H g )* =T g oL and (H r )* = 7> o L. 

Observe that i coincides with the kernel defined in ((5. 6(1 for (Vf)jg/ = (J7i)i£/. It was already 
shown in the proof of Lemma T5. 31 that i 6 _4 m and hence iJ' 77 , i? e € A m . M 

Corollary 6.4. Let A be a Banach-*- algebra of kernels on X x X which is an A m -bimodule 
with respect to composition. Assume T = {ip x }xex to be an intrinsically A-localized frame such 
that there exists a moderate admissible covering U = (J7j)igj of X for which T possesses property 
D[S,m] with 5 small enough (see Theorem |5.7| ). Then the discrete system Td generated from T 
via Td = {^xiJiei with X{ S Ui is an intrinsically A-localized frame for H.. Moreover, if A is a 
spectral algebra, then also the canonical dual of the discrete frame Td = {S^ ip Xi }ieI * s intrinsically 
A -localized, where Sf d is the frame operator of the discrete frame. 

In the following example we show that the discretization A b m of an algebra A m as described in 
Example 14. II is again an algebra of this type. In particular, A m is then a spectral algebra. 

Example 6.1. Assume that X and m are as in Example 14.11 In particular, X is endowed with 
a metric d and A m ,i is a spectral algebra. Let hi = {Ui)i^i be a moderate admissible covering 
satisfying JEU- Then the discrete algebra A^ m = A mi is spectral. 

Proof: We need to show that A^ m is a discrete algebra of the type described in Example 14.11 Let 
us first note that A^ m is independent of the choice of the points Xi G Ui since by 1(5.3(1 

m(xi,Xj) < m(xi, x)m(x, Xj) < m(xi,x)m(xj ,y)m(x,y) < C 2 m(x,y) (6-3) 

for all x G Ui,y G Uj. Exchanging the roles of (x,y) and (xi,Xj) gives a reversed inequality. 

So let m°(i,j) := m(xi,Xj), i,j G /. Clearly, it holds m°(i,j) — e p ( d with the (semi-) metric 
d := d(xi, Xj) on /. Moreover, / is endowed with the discrete measure a given by eij = (J>(Ui), 
i G I. Denote B r {i) := {j : d\i,j) < r} the ball in / of radius r. By the finite overlap property 
lf5~T|) it holds 

a(Bl(i)) = M(^) <N»l (J UA . 

Conditions 1)5.3(1 and 1)4.3(1 mean that 

(1 + d(x,y)) s < m(x,y) < C m ,u for all x.y e Ui, i G I, 
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for some 5 > 0. This implies d(x,y) < C for all x,y e Ui, i € /. We conclude that UjeB b (j) c 
Br+C'C^i)- Indeed, if a; € J7j with d(xj, Xj) < r then Xi) < d(x, Xj) + d(xj,Xi) < C + r. Thus, 
by assumption on the relation of d and /i (see Example 14. If) it holds a(B r (i)) < fi(B r+ c'(%i)) < 
C(r + C') 13 < C"r^ for r > r' with some 7q > 0. Thus, the discrete measure space (I, a) and the 
weight function m satisfy the assumptions in Example 14. II We claim that 

■= max { sup^ | X it j\m b (i, j)q,-, sup y^ \X it j\m b (i, j)a,j > (6.4) 
defines an equivalent norm on ^4^. Indeed for A = (Xi,j)ij 6 .4^, we obtain using ijOjl 



sup V" |Aij|m b (i, j')a, = supYj lAijIm^a;,-,^)^ 

" '77 

supy^ |Aj,j| / xUi{x)m(xi,Xj)dfi(x) 



» e / ' iei 



c a 2 



w ess sup yex ^ Xi/, / '^2\hj\xu i (x)m(x,y)diJ,(x) 
jei x iei 

= C m,u esssn Vy£X / Au(x,y)m(x,y)dfj,(x). 
Jx 

Using the finite overlap property (|5.1|l and (|5.3|) one similarly obtains the reversed inequality 



ess ? 



Exchanging the role of a; and y we see that (|6.4f) indeed defines an equivalent norm on A m . Since 
a is bounded from below by assumption, i.e, cn> D and m b > 1 it holds £ 2 (I, a) C £^(1, a). This 
means .4.2(1, a) C A b m and .4^ = A b m2 - ■ 

Remark 6.1. In this section we worked with the system J-^ = {i/^}^/. Under the assumptions of 
Theorem 15 . 71 this is a discrete frame indexed by / endowed with the measure (weight) a given by 
a,i = ^(Ui). However, for discrete frames one usually prefers to work with unweighted ^ 2 (/)-spaces. 
Indeed, the renormalized frame elements T\ — { v / a7 - 0z;}ie-f form a frame for H with respect to 
the unweighted £ 2 (I), see also the end of Section 5. Note that the frame operators of and 
coincide and, hence, the canonical dual frame of is a renormalization of the dual frame 
of Td- Also, for the concept of localization it does not play a role whether one uses or T^. 
Indeed, define the map k : A = (Ajj) i— ► (y/ciiCijXi,j)ij£i and let A b = {A, k(A) e A b } with norm 
||A|.4 b || = ||k(A)|^||. The multiplication in A b is defined by 

(A o £)ij — y^ Aj^efcj, A = (Xij)ij £ j, £ = (ei,j)ij'e/' 
fee/ 

It is easy to see that k is an algebra isomorphism between A b and A b and, hence, A b is a Banach 
algebra. A b acts on sequences by (Aa)jg/ = Yljei ^i a o- Moreover, with respect to this action, A b 
is continuously embedded into £ 2 (I) (without weight) if and only if A b is continuously embedded 
into £ 2 (I, a). Thus, A b is spectral with respect to B{l 2 {I)) if and only if A b is spectral with respect 
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to B(£ 2 (I, a)). Now, suppose Qd — {<l>Xi}iei is another discrete frame indexed by (I, a) and denote 
by its normalization. Then it is easy to see that is ^-localized with respect to Q* d if and 



7 Examples 

7.1 Classical Coorbit Spaces 

Of course, the classical theory of Feichtinger and Grochenig [221 EH EH EH] is a special case of ours. 
Let us describe shortly the main features. 

Suppose G is a locally compact, cr-compact group and ir an irreducible unitary representation of 
G on some Hilbert space. Further assume that ir is integrable, which means that there exists a 
non-zero vector g S 7i such that \„ \ (g, ir(x)g)\d[i(x) < oo, where /i denotes the Haar-measure of Q. 
This implies that 7r is square-integrable, i.e., there exists a non-zero g £H such that V g f S L 2 (Q) 
for all / eW, where V g f(x) := (/, n(x)g) is the (generalized) wavelet transform. Such a g is called 
admissible. By a famous theorem of Duflo and Moore ^7] the space of admissible vectors is dense 
in TL and it holds 



Thus, {n(x)g,x G G} is a tight continuous frame indexed by C? for any admissible vector g. Since, 
the frame is tight its frame operator S is a multiple of the identity and, hence, the frame coincide 
with its canonical dual (up to normalization). The kernel R = R g is given by 



Since 7r is assumed to be integrable, fi is translation invariant and V g g{x~ l ) = V g g(x) we immedi- 
ately deduce that R g is contained in A\ . The application of R g to a function on Q is a convolution, 
i.e., R g {F) — F * V g g. Thus, it is natural to require the spaces Y to be right L^-moduln, i.e., 
Y * C Y, where w is a sub multiplicative weight function that satisfies some additional assump- 
tion, see [221 EH]- Moreover, one assumes that Y is left and right translation invariant. If there 
exists a non-zero g S H such that V g g is contained in one may define the coorbit space CoY. 
(Since the frame coincides with its canonical dual we have CoY = CoY and, thus, it suffices to 
consider only one class of coorbit spaces.) 

For the purpose of discretization one considers discrete admissible coverings of Q of the form 
(xiU)i(zi for points Xi £ Q and for some relatively compact set U with non-void interior. Such 
coverings exist on every locally compact group. The condition || osc^ |-4 m || < 5 in Definition 15.21 
means that V g g must be contained in the Wiener amalgam space W(Co, L^). It is shown in |22l 
Lemma 6.1] that the set of those g is dense in TL. Furthermore, choosing the set U sufficiently small 
one can make || osc^ \A m \\ as small as one desires and so with Theorem 15.71 one obtains atomic 
decompositions and Banach frames for the corresponding coorbit spaces. 

Let us mention some concrete examples. 

Homogeneous Besov and Triebel-Lizorkin spaces: Take Q = R d xi (M* + x 0(d)), the simili- 
tude group ofK d withHaar measure dxa n 1 dadU. Further, we denote D a f(t) = a- d / 2 f(a~ 1 t),a> 



the dilation, T x f(t) = f(t - x),x e M. d the translation and Ruf(t) = f(U-H),U G O(d) the 




Fd Qd- 




Q 



R g (x,y) = (Tv(y)g,Tr(x)g) = (g,Tr(y 1 x)g) = V g g(y x x). 
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rotation operator on L 2 (W d ). Then ir(x, a, U)f := T x D a Ruf is a square-integrable irreducible rep- 
resentation of Q on L 2 (M. d ) and V g f(x,a,U) — (f,T x D a Rjjg) is the continuous wavelet transform 

EH 

Taking certain mixed norm spaces L p s ' q and tent space T p ' q |§| as function spaces Y on Q it holds 
Y * L\ C Y. For suitable Schwartz functions g we have V g g G for any of those weight functions 
v, i.e., the kernel i? g is contained in A m . Hence, one may define the coorbit CoY" associated to any 
of the spaces L p s ' q and Tf' q . By a characterization of Triebel in [S3] it holds 

< q = Coi^ d/2 _ d/g and F«, = CoT™ /2 , 

where g denotes the homogeneous Besov spaces on R d and „ the homogeneous Triebel- 
Lizorkin spaces. Theorem 15 . 71 gives atomic decompositions and Banach frames of wavelet-type for 
those spaces. Frazier and Jawerth introduced decompositions of Besov and Triebel-Lizorkin spaces 
of this type using the terminology ^-transform 2^]. For further details we refer to |33l I4fi| . 

Modulation spaces: The original motivation for the construction of the modulation spaces was 
to define Banach spaces of (smooth) functions and distributions over a general locally compact 
Abelian (LCA) group Q without having a Lie group structure or a dilation. 

The (reduced) Weyl-Heisenberg group Mg associated to Q is defined as the topological space Q x 
Q x T, where Q denotes the dual group of Q and T is the torus. The multiplication rule on Mg is 
given by 

(X 1 ,UJ 1 ,T 1 )(X 2 ,UJ2,T2) ■= (Xl +X 2 ,^1 +UJ 2 ,T 1 T 2 UJ 1 (X2)) 

and the Haar measure is the product measure dxcLodr. The Schrodinger representation of Mg 
on Tt — L 2 (Q) is given by ir(x,ui,T)f(t) := r(T x M w /)(f), where T x f(t) = f(t — x) is the usual 
translation and M^fit) — ui(t)f(t) is a modulation operator. Associated to tt is the short time 
Fourier transform (STFT) which is defined by V g f(x, u>,t) := (f,Tr(x,u>,T)g) = T{f,T x M w g) for 
f,g £ L 2 {Q). It is well-known that the Schrodinger representation is indeed square-integrable p^j 
and thus {w(x,LU,T)g}^ x w r ) e jj g is a continuous frame for L 2 (Q) for any non-zero g G L 2 {Q). 

Any coorbit space with respect to the Schrodinger representation of Hg is called modulation space. 
The most prominent examples of modulation spaces are those on the Euclidean space M. d . Thus, 
let us assume Q = M. d . We denote w s (uj) = (1 + |w|) s , s € R, a weight function on the frequency 
variable. Denote L^iM-^d) the space of measurable functions on H^d for which 




^l^fll : = I L _ ( U \F(x,",T)\ p dx) w s (u) q dLudrj < co. 

For g £ L 2 (R d ) such that V g g £ L\, (H rf ), the modulation space Mf' q (R d ) is defined as the space 
of tempered distributions / such that V g f € L p l ; q (M d ) and hence 

Mf q = Col. >;;■<. 

Furthermore, an application of Theorem 15. 71 in this context shows that modulation spaces can be 
characterized by Banach frames of Gabor type. We refer to |34j for further details and generaliza- 
tions. 
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7.2 Symmetry in Classical Coorbit Spaces 



One may also treat subspaces of the coorbit spaces mentioned above which consist of elements that 
are invariant under certain symmetry groups, for instance homogeneous Besov and Triebel-Lizorkin 
spaces or modulation spaces of radially symmetric distributions [471 148| . 

Suppose that A is a compact automorphism group of Q that has also a unitary strongly continuous 
representation a on M such that 

n(Ax)a(A) = a(A)n(x) for all A G A, x G Q. 

The space of invariant elements is defined by 

H A ■= {/ 6 H, <r(A)f = f for all A G A}. 

We denote by Ax — {Ax, A G -4} the orbit of x under A and define JC to be the space of all such 
orbits. JC inherits a natural measure m by projecting the Haar measure \i of Q onto JC. It is worth 
to note that JC possesses the structure of a hypergroup. Further, let 

it (Ax) = / n(Ax)dA, x£Q. 
J A 

The operator it (Ax) maps Ma into Ma for all Ax G JC. Actually, 7r is a representation of the 
hypergroup JC. If n is square-integrable and g £ Ma \ {0} is admissible then {it(Ax)g, Ax £ JC} is 
a tight continuous frame indexed by JC, see In 0S| the coorbit theory of these kind of frames 
is carried through. In particular, the associated coorbits are subspaces of classical coorbit spaces 
consisting of invariant elements. Atomic decompositions and Banach frames of those spaces could 
be derived. We remark that here the corresponding sequence spaces Y b and are different from 
each other in typical situations. In case of radial modulation spaces, these atomic decompositions 
were new. For details we refer to |4*51 14*71 14*5] . 

We remark that with our results one may generalize from the above setting to arbitrary (integrable) 
representations of hypergroups. In particular, we expect that the application of our theory to 
the representations given in 0Hj leads to a definition of Besov and Triebel-Lizorkin spaces on 
Bessel-Kingman hypergroups. These spaces would generalize the radial subspaces of Besov- Triebel- 
Lizorkin spaces to arbitrary " real- valued dimension" . The Besov spaces on the Bessel-Kingman 
hypergroup coincide also with the ones introduced by Betancor et al. [5]. 

7.3 Frames Indexed by Homogeneous Spaces 

As we have discussed in Section 17.11 the group representations corresponding to the classical 
integral transforms like the wavelet transform and the short time Fourier transform are indeed 
square-integrable. However, there are integral transforms related to group representations on 
L 2 -spaces on manifolds which are not square-integrable in a strict sense. In other words, the 
corresponding group is too large. To overcome this drawback in such cases, an interesting notion 
of square- integrability modulo a subgroup appears in 012] ■ 

Let Q be a locally compact group and H a closed subgroup of Q. Then the homogeneous space 
X = Q/H carries a quasi-invariant measure fi. Let II : Q — > X denote the canonical projection. 
Moreover, suppose that a : X — > Q is a measurable section of Q, i.e., nocr(a;) = x, for all x £ X. We 
say that a unitary representation 7r of Q on M is square-integrable mod(-ff, a) provided there exists 
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some g eH such that {Tr(a(x))g} x& x is a continuous frame for H. Many important examples can 
be described in this setting, such as the continuous wavelet transform on the sphere introduced 
by Antoine and Vandergheynst j5] and a notion of Gabor transform on the sphere developed by 
Torresani J^5. . Also a mixture of Gabor and wavelet transform on R d fits into this approach |4(JU5U| 
(see also the example on a-modulation spaces). 

As a matter of fact, the theory of Feichtinger and Grochenig is no longer applicable in this setting. 
Efforts to adapt the original coorbit space theory to homogeneous spaces have been done recently 
by Dahlke et al. |121 allowing for instance the definition of modulation spaces on spheres as 
coorbit spaces. However, their approach works under the assumption that the frame is tight. This 
fails to be true for the continuous wavelet transform on the sphere [3] and the mixed Gabor / 
wavelet transform |4l)l I5U| . Clearly, in the present paper we avoided this drawback by permitting 
general continuous frames. However in order to apply our results to the mentioned examples, still 
some effort has to be done. In particular, one needs to check that the corresponding kernel R is 
contained in A m and that there exists a suitable covering U of the index set Q / H such that the 
resulting kernel oscu satisfies |j oscu \A m \\ < 6 for some <5, which is small enough. It seems that 
this task is rather difficult for the examples mentioned above. We postpone detailed discussions 
to later contributions. 

7.4 Non-standard Examples 

In this subsection we collect two relevant examples where neither classical coorbit space theory 
|2*2l 1231 121 1331 nor hs recent generalizations ^1 ED GH can be applied. 
Inhomogeneous Besov and Triebel-Lizorkin spaces: 

Suppose that ip is a radial Schwartz function on M. d with supp - ^ C {x, 1/2 < |a;| < 2} such that 

JR d \A 

i.e., ip is an admissible wavelet for the continuous wavelet transform on Mr. Hereby, ip denotes 
the Fourier transform of ip and |x| the Euclidean norm of x € K d . Further, let be a Schwartz 
function on R d such that 

\<t>(0\ 2 + / \m)\ T = 1 foralUeM d . (7.1) 
Jo 1 

Observe that 1 = c^, = / °° \t()(tt;)\ 2 dt/t and hence < |0(£)| 2 ^ 1- The support condition on -0 
implies that |0(a;)| 2 = 1 for all |x| < 1/2 and <f>(x) — for all \x\ > 2. With the unitary dilation 
D t and translation T x define 

ipoc,x(y) =T x <j>(y) = <j>(y-x), 
A Av) =T x D t iP(y) = r d / 2 il>{t- l {y-x)). 

(Here, oo denotes a separated point.) An straightforward computation shows that as a consequence 
of Cj} it holds 

J md (\(f,i>ooA\ 2 + j\(f,i>tA\ 2 ^)d* = ll/f for all / G L 2 (R d ). (7.2) 
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We set X := ({00} U (0, 1]) x R d . Then (|7.2I) means that {ipt,x, (t, x) e X} is a continuous frame 
indexed by X with associated measure 



x 



F{z)dp{z) = l_ j F(oo,x)+ I F{t,x)-^ l dx. 



dt 



Since this frame is tight the associated frame operator is the identity and the frame coincides with 
its canonical dual. We remark that the index set X apparently does not have the structure of a 
group, of a homogeneous space or of an orbit space. Further, for s € R we define w s (t, x) := t s for 
t S (0, 1] and w s (oo,x) := 1. Its associated weight m s (|3.6() becomes 



m a ((t,x),(r,y)) = m s (t,r) = (max<{-,j 



1*1 



for r,t =/= 00 (with obvious modification if r = oo or t = 00). It is straightforward to show that the 
kernel 

B,((t,x),{r,y)) = (tp r ,y,ipt,x) 

is contained in Am s for all s £ R. With L p s := it holds Am s {L p s ) C L p s and, thus, we may 
define the coorbit spaces CoL^ , 1 < p < 00. A characterization of Triebel in f]3J Sections 2.4.5 
and 2.5.3] shows 

B;, p (R d ) = CoLl +d/2 _ d/p , (7.3) 

where Bp p is an inhomogeneous Besov space. Note that B pp = F ppl where the latter denotes 
an inhomogeneous Triebel-Lizorkin space. We remark that one can extend l|7.3|l also to Besov 
and Triebel-Lizorkin spaces with p ^= q. To do this one needs to introduce mixed norm spaces 
L p : q and tent spaces Tf ,q . According to Remark 13.21 one has to check that i?(Lf :9 ) C Lf' 9 and 
R(TP' q ) C Tf<i. Note that this does not follow automatically from R E A m . 

Our discretization machinery (Theorem I5.7fl yields wavelet type Banach frames and atomic de- 
compositions of the inhomogeneous Besov and Triebel-Lizorkin spaces, similarly as in |2H| . We 
postpone the details eventually to successive contributions, 
a-modulation spaces: Consider a system of functions of the type 

Q a {g) ■= { M ^ D (i+n) — T x g} x ueR , (7.4) 

where a £ [0, 1) and g £ L 2 (R). One has the following well-known result (see for example |42|L 

Proposition 7.1. Let us fix a G [0, 1). Suppose g € i 2 (R) such that there exists a constant A > 
for which the function 



<(0 



w 



2 

(l + \w\)- a dw 



satisfies 



(i + \w\y 

A- 1 < erg (0 < A, for almost all £ G R. (7.5) 

Then Q a {g) is a continuous frame for L 2 (R). A typical function satisfying ()7.5|l for all a G [0, 1) 
is the Gaussian. 
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Associated to such frames is the a-transform 

V g a f(x,u>) = (f,M u D {1+M) - a T x g), (x,u) € R 2 . (7.6) 

One easily verifies that for a = the family 17. 4|) is in fact a continuous Gabor frame and V® is 
the short time Fourier transform, while for a — ► 1 the family tends to the situation encountered 
in the wavelet context, i.e., Vg is a slight modification of the classical wavelet transform. The 
intermediate case a — 1/2 gives the Fourier-Bros-Iagolnitzer transform 

In 02 BIB HOI IHH a new class of spaces has been suggested as retract of weighted L p ' q spaces 
by means of V^ 1 , in the same way as it is done for the more classical cases of modulation and 
Besov spaces. In particular, in 26;, Theorem 3.5] it has been shown that this class coincides with 
the family of so called a-modulation spaces introduced independently by Grobner and 

Paivarinta/Somersalo |44) as an "intermediate" family between modulation and inhomogeneous 
Besov spaces. In particular, it holds 



q/p 



t/<i 



ll/KTa(l/ ? -I/2),JI ^ J R [J M K{f)M\ V dx j (1 + M)"*, j (7.8) 

where g is a suitable Schwartz function and Lg; 9 (M 2 ) is the space of functions F on R 2 such that 




q/p 



1/9 



ll^rai ■={ L L Wix^Wdx (1 + \ui\yodio < oo 



For a = the space 'q (R) coincides with the modulation space M s p,? (l) and for a — > 1 we obtain 
the inhomogeneous Besov space BP' q (W.) = M^'f(R). The a-modulation spaces are known to have 
nice analysis properties. For instance, the mapping properties of pseudodifferential operators 
in Hormander classes on a-modulation spaces as by Holschneider, Nazaret 021 an d Borup [7] 
generalize classical results of Cordoba and Fefferman [nj. Moreover, we expect that such spaces 
have a key role in the study of pseudodifferential operators modeling the transmission of (digital) 
signals in wireless communications and in corresponding numerical methods 

The description of a-modulation spaces as coorbit spaces associated to the continuous frame Q a {g) 
is still a matter of investigation. In fact, while the square-integrability of V"(f)(x,u>) is en- 
sured by Proposition 17. II the localization properties of the corresponding kernel K(x,u>;x,u>) := 
(M u D( 1+ \ u \-)- a T x g,MG,D(i + \ a \-)- a Txg) have not yet been proven for a <E (0, 1). 

7.5 Reproducing Kernel Hilbert Spaces and Sampling 

Let 7i C L 2 (X,/j,) be a reproducing kernel Hilbert space with reproducing kernel K x (t), t,x £ X. 
In particular, we have f(x) — (/, K x ) for all f E H. This gives 

\(f,K x )\ 2 dn(x) = I \f{x)\ 2 d^{x) = \\f\U\\ 2 for all f e H. 
x Jx 

Hence, the family {K x } xe x is a tight continuous frame for L 2 (X, /j,) with frame operator S being 
the identity. The corresponding kernel R is given by 

R(x,y) = (K y , K x ) = K v (x), x,yeX. 
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Moreover, the transform V is the identity on H, i.e., Vf(x) — (f,K x ) = f(x). Let w be some 
weight function on X and m its associated weight (|3.6|) . Provided R is contained in A m then the 
coorbit spaces are well-defined and we have 

CoL P w = {/ e LI, f(x) = J MKJddrty)}. 

If the continuous frame {K x } xe x possesses property D[S, m] for some 6 small enough, then we 
may envoke the discretization machinery. This yields sampling theorems for CoL^ , in particular 
for Tt = CoL 2 . Indeed, if {K Xi } ie j forms a Banach frame then it holds 

/(*) = Kx<Mt) = t e x, 

iei iei 

for all / 6 CoLP . Hereby, the functions {e.;}igj form a dual frame in the sense of Theorem 15.71 
Moreover, if {K Xi }i^j constitutes an atomic decomposition then we have an expansion 

f(t) =^2(f,e i )K Xt {t), tel, 
iei 

for all / e CoL^, , 1 < p < oo. 
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